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Synopsis
A bubble cham ber experim ent is  d escribed  using data from  the
C .E .R .N . 2 m  bubble cham ber filled  with deuterium  and exposed to a 
4 G eV / c IT beam . M easurem ents are presented of the U, 5. it beam 
m om entum , and the lev e l o f contamination in the beam is estim ated,
A b r ie f  rev iew  is  given of the com puter program s used in the processin g  
of 2 m  bubble cham ber film  fo r  physics analysis.
The channel
TT ^ d —> p^ p TT ^ TT ( c3 = 2.10 “  0,17 m  b) (1)
is investigated  and cro s s  sections are obtained for  the quasi-tw o-body 
reaction s
T- n JL
( 2 )
( = 0.53 i  0. 06 m  b) (3)
IT ^ d p p { cs = 1. 21 — 0.16 m b)s •
+ oand IT d —> p p f  s
An E stabrooks and M artin amplitude analysis is m ade of 
reaction  (2) using 5279 events from  the m ass interval
0. 6 8 <  M <  0 ,88  G eV /c^THT
R esults are presented  on the spin structure and production m echanism  
of the m eson . A  com p arison  is made of the results of this analysis 
with those o f a higher energy tt p experim ent and the predictions of a 
IT exchange absorption  m odel.
The isosp in  zero  S wave tttt scattering phase shifts are obtained
2
fo r  vn e ffective m ass le ss  than 1 G e V /c  , Evidence is  presented
favouring a set of phase shifts rising  slow ly through the rho region  
o 2to be 90 at about 900 M e V /c  in irir effective m a ss .
* An investigation  is  a lso  m ade of the branching ratios of the t 
m eson  into fina l states other than it ^ it , These include
+ JIT d —> p^ p K (4)
+ ,•ir d —-?■ p p■^ s 2 iT 2 IT (5)
+ ,TT d —> p p
s ^ 2 tt"^  2
- o
TT TT (6)
+ ,IT d —  ^ p p s IT
+ -
7T M M (7)
TT d —^  p ps 2 TT 2 TT M M (8)
w here M M indicates m issin g  p artic les. Evidence is presented for  
f °  decay into channels (4) and (5) and the decay rates are m easured .
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Introduction
The m ain pu rpose  of the 4 G eV /c  tt d experim ent is to study 
neutral m eson  reson an ces which contain a single neutral decay product 
and which are  unable to be fitted  in the charge sym m etric it'' p interaction 
owing to the p resen ce  of tv/o neutral particles in the final state. Among 
such reson an ces  are the the co°, the and the ^  (1670). In
addition, se v e ra l reactions can be studied in both ir" p and it ^ d.
N otably, in form ation  can be obtained on the iriT interaction, available as a 
w e ll-con stra in ed  4 -  c fit  in tt d.
The experim ent was planned as a collaboration  between the 
R u th erford  L aboratory , and the U niversities of Birmingham and Durham, 
and t h e f i r s t  exposure was undertaken in the C .E .R .N . 2m bubble 
cham ber during the sum m er o f 1970, The author has been concerned 
with the preparation and analysis of the Birmingham share of the data,
A  second exposure was m ade in D ecem ber 1972 and altogether the 
co llaboration  has at its d isposa l 750 , 000 p ictures.
So fa r  the co llaboration  has investigated forw ard and backward 
^  f °  and co° production  and coherent deuteron production. Subjects 
of in terest in the future include hypercharge exchange reactions and a 
study of the whole neutral three pion system .
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CH APTER 1
Cham ber and Beatm
EJ;_____ E xposu re D etails
T his rep ort contains an account of a ir ^ d experim ent at 
4 G e V /c  undertaken at C . E. R . N, using the 2 m  cham ber and U. 5 beam .
The 2m cham ber was double-pulsed  for  this experim ent with two 
20 m s e c  expansions, separated by a gap of 150 m se c . Each double-pulse 
is  separated  by about two seconds during which the C .E .R .N . acce lerator 
and beam  system  serve  other experim ents and the internal acce lerator 
beam  is regen erated . Deuterium at a tem perature of 31. 3 °K  is held 
in the bubble cham ber at a p ressu re  above the saturated vapour p ressure 
of deuterium  [F ig. l . l ] ,  and, on expansion with a piston, the p ressu re  is 
red u ced  below  the saturated vapour pressure leaving the deuterium  in a 
superheated state. Charged p articles passing through the cham ber lose  
energy through lo ca l heating of the liquid at the rate of about 0 .25  M eV /cm  
by ion ising  the deuterium  and so initiating bubble form ation . The bubbles 
m arking the tracks are re co rd e d  in stereoscop ic  photographs using 
an e le ctron ic  fla sh . The num ber o f bubbles per cm of track length is 
regulated by the tem perature and p ressu re  inside the cham ber and is  
usually adjusted to be about 14 fo r  a relativ istic p article . By varying the 
relative tim ing o f the beam  entry and the photographic flash , it is  possib le  
to adjust the bubble size  in the cham ber. H owever, the bubble im age 
size obtained on film  is essen tia lly  independent of this, being the 
diffraction  spot from  the rea l bubble m agnified by the optical system  to be 
approxim ately bubble s ize .
TEM PERATURE OF CHAMBER 31. 3°K
START PRESSURE
SATURATED VAPCXJR PRESSURE 
OF DEUTERIUM AT 31. 3°K
EXPANDED PRESSURE
F ig . 1.1 EXPANSION PULSE OF THE 2 m  CHAMBER
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A  sch em atic  d iagram  of the 2m cham ber is  given in F ig , 1 .2 , 
together with the coord inate  system  used in this experim ent. It should 
be noticed  that this is a left-handed  system . On each o f the planes 
a re  etched fid u cia l m arks w hich appear on the film  and which enable 
g eom etr ic  recon stru ction  to take place giving accurate spatial inform ation 
about the paths fo llow ed  by the charged p artic les . As the positions o f the 
fid u cia l m arks a re  known beforehand, the effects of cam era lens d is to r ­
tion and film  stretch  m ay be param eterised  in the reconstruction .
The U. 5 beam  is  181 m  long from  the external target to the bubble 
cham ber and, when used to separate pions, contains only one Radio 
F req u en cy  ( R .F . )  separator o f 9 MW pow er. If the beam  consists of 
the wanted p a rtic le s  plus a m ajor contamination, the phase ve locity  of 
the R .F .  ca v ity  can be adjusted until there is zero  net deviation through 
the cav ity  fo r  the unwanted p artic les while the wanted p artic les  are 
obtained with a slight sideways deflection . The ability o f the R .F . 
cav ity  to separate pions fro m  protons is shown in F ig . 1 .3  which is a 
beam  p ro file  a fter the R .F . cavity  a cross  the front o f the beam  stopper. 
The cen tra l peak con sists  o f p rotons, absorbed by the beam  stopper, 
while the outer wings contain p ion s. There is alm ost com plete separation 
between the two groups o f p a r tic le s . A detailed analysis o f the beam 
contam ination is given in the next section . The momentum bite of the U. 5. 
beam  system , with the conditions used in this experim ent, is  about 0.25%
Operating details o f the 2m cham ber and the U .5 . beam  are given 
in two C .E .R .N . handbooks [R ef. 1].
(x, y , z) is  a Left-H anded system  on Plane Z 
X -  axis Points along Beam
z - axis is P erpendicu lar to Plane 2, Points into Chamber
F ig . 1.2 SCHEMATIC DIAGRAM OF 2M CHAMBER
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L 2_____ Contam ination of the Beam .
Any contam ination of the ir beam m ust be m ade up o f the three 
charged p a rtic le s  p, K , p . The muon contamination is  p articu larly  
d ifficu lt to estim ate . H ow ever, several m ethods m ay be em ployed to 
estim ate the variou s contam inations present.
K C ontam ination.
.+T o estim ate the K contamination 3018 3 - prong events from  
six  ro lls  of film  w ere tried  in the kinem atics program  fo r  fits  to the
decay K+ + +ir IT IT . No fits  were obtained. The 3-nrmass spectrum  ^
using m ea su red  quantities fo r  the tracks, was plotted and no peak was 
ob serv ed  at the K m ass. A ll events, except one, in this reg ion  had 
m iss in g  quantities inconsistent with zero . This one allows us to 
estim ate an ord er o f magnitude for  the K contamination.
7
The total path-length of the beam on the 6 ro lls  was 1.96 x 10 cm
which, from  the expression
L  = N, -2— ? . .  J>.m
(w h ere  ~C t p and m  are the kaon lifetim e, momentum and m ass, L is  the
I  ^ -J-
path-length and y  is  the K —> ir tt tt braiiching fraction ), requires 
about 365 3tt decays if  a ll the beam  were pure kaon. The one event 
therefore corresp on d s to a beam  contamination of 0. 5% (after a correction  
of 4512/3018 for  the total num ber of events seen on the film  com pared to 
the number actually m easu red ). This im plies that the contamination 
is neglig ib le.
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P roton  Contam ination .
An indication  of the proton contamination cam e from  m easuring 
two r o lls  of 4 G e V /c  proton film . The calculation partly  fo llow s the 
m ethod of G ordon  [R ef. 2], and involves three assum ptions, the last 
two of which m ay be v er ified  in various w ays:-
1.
2.
the beam  in the proton film  is pure proton.
the p robab ility  fo r  a proton induced event to ’’best f it "  (i. e. to have 
a greater kinem atic probability  for) a pion beam hypothesis is 
approxim ately twice the probability o f a pion induced event "best 
fitting" a proton beam hypothesis. (V erified  by studying FAKE 
events). This assum ption, while correct  kinem atically, is  not exactly 
c o r r e c t  at the final Data Summary Tape stage owing to ionisation 
in form ation . F or  each event there is , in general, one slow  proton 
besides the sp ecta tor which is usually identifiable by ionisation .
This m eans that the proton contamination found by this m ethod is  a 
slight o v er -e s t im a te .
3. cJ ( tt d pp IT Tr"): cr ( pd p p p TT-)
= O'XOT
(V erified  by interpolating between the data points of R ef. 3)
The "best f it s " ,  as shown in Table 1.1, were obtained for  the 
proton beam film  and fo r  a subsam ple o f the pion film . The final result 
has been found to be insensitive  to any cuts o f spectator momentum or 
kinem atic probability . Ionisation probability a lso does not help much 
as an event which is kinem atically  ambiguous is  usually ambiguous by
Table 1.1
B est F it . "P i F ilm ". "P roton  F ilm ".
+  ,  +  -  
IT d - ^ p  p  IT ITs 4550 14
p d ~^p p p ITs 910 49
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ion isation  estim ate a lso .
F ro m  the pion and proton beam film , the num ber of tim es an 
event ’’b est f i t s ” the opposite  4 -  c hypothesis can be obtained, giving a 
"ch an ce  f i t ” param eter fro m  the proton film  which can be applied to 
the pion fi lm . Any ex cess  fitting of the proton beam  hypothesis in the pion 
film  g ives the proton conta.mination. Such a method gives a proton 
contam ination in this case  o f 6 + 3%.
A  m o re  accurate m ethod of determining the proton contam ination 
is  to m ake a sp ecia l scan for  ^ -ra y s  on several ro lls  of film . The 
m axim um  momentxim of a ^ -ray  depends on the m om entum  and m ass o f the 
p a r tic le  in teractin g  with the electron . Protons at 4 G eV / c produce 
ra ys  with a m axim um  m omentum  of about 20 M eV /c  whereas light 
p a r tic le s  (pions and m uons) produce C -rays with a m axim um  momentum 
of about 750 M e V /c , By counting the number of rays between two 
lim its above 20 M e V /c  and com paring the number so obtained with the 
th eoretica l c r o s s  section  [ R e f .4], the number of light p artic les  in the 
beam  m ay be found. The th eoretica l cross  section between two momentum 
lim its  is  given by
a  ( p j —> P2 ) =
25. 5 X 10 -26
Tm ax
fT T \ 1^ /^m ax ~ m ax -  /  Pg
tPI ; j
where <? is in barns and the other quantities are in 
M eV. T m ax is the m axim um  p ossib le  kinetic energy of a 
 ^ “ ray fo r  this particu lar beam .
F iv e  quarter r o lls  of film  were scarmed fo r  i -r a y s  in seven 
equal m om entum  in terva ls between 21 and 167 M eV /c„ The num ber of 
^ -  rays found in each in terva l is shown in Table 1. 2. A  beam  covint 
was m ade a lso  and the num ber found in each interval com pared with 
the th eore tica l c ro s s  section . The resulting distribution is shown in 
F ig . 1 .4  a fter a co rre ct io n  fo r  a scanning efficien cy  of 91% found from  
ch eck -scan n in g  one quarter ro ll . F ig . 1.4 shows the observed  d istribu ­
tion to be in good agreem ent with prediction. Although it is  the total 
c r o s s  section  between 21 and 167 M eV/ c which is im portant in this 
ca lcu lation , the fact that the momentum distribution is in broad agreem ent 
with the th eore tica l prediction  is  a confisrmation of our analysis.
Then, fraction  o f light p articles in the beam =
E xperim ental total cro ss  section in the 7 intervals 
T h eoretica l
= 0. 995 + 0. 07 m b = 1 .0 0 +  0.07
0.9932 m b
corresp on d in g  to a proton contam ination of 0 + 7%.
A m o re  qualitative m ethod can also be used to observe any 
proton contam ination. By rep lacing  the pion beam with a proton, we
-f*
rep lace  the it with a proton  in the final state giving the possib ility  of 
SKN reson an ces in the resu lting  proton-pion  m ass plots. No such effects 
have been seen. F rom  these severa l m ethods it can be stated that 
the proton and kaon contam inations are consistent with zero .
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Muon Contamination.
We can approxim ately  estim ate the muon contam ination from  the 
total TT ^ d c r o s s  section  and our ray count of the number o f
T able  1, 2________Momentum Distribution of ^ -R a y s .
Seven equal m om entum  intervals between 21 and 167 M e V /c .
Interval
1
2
3
4
5
6 
7
No, of  ^-  Rays 
788 
273 
117 
62 
31 
30 
17
T otal Beam  T rack  count
Total No. of beam  tracks .with 
^ -  rays
Total No. of beam  tracks with 
 ^ -  rays and a subsequent 
in teraction
42900
1318
92
E ffic ien cy  o f a single scan fo r  S ra y j
E ffic ien cy  of a single scan fo r  S rays 
with the beam  track  subsequently interacting
91 + 5% 
85 + 20%
6 >:
theoretical
mb
i
•i
Gxoeri mental
•X »x
2 3 4 5 6 7
region no.
Zig.. 1 .4 . i - Ray Momentum Distribution
-  8
in teracting  beam  tracks which also give a ray between 20 and 
167 M e V /c .
F ra ction  o f pions in beam  = No, interacting beam  tracks with
_________ fast <^-rays ___________
No. expected (from  the total ir d cross  
section  of 57 m b)
= 85 + 25%
which corresp on d s  to a muon contamination of 15 + 25%.
An im provem ent can be m ade on this muon contamination estim ate 
by con sid erin g  the geom etry o f the C .E .R .N . U, 5. beam [Ref. 1],
P ion s decaying at 4 G e V /c  in the 181 m  of beam line produce muons 
with an approxim ately  flat momentum distribution between 2. 3 and 4 G eV /c . 
Only 44% o f the 4 G e V /c  pions separated at the start of the system  will 
survive to reach  the bubble cham ber. Of the muons that are not 
swept out o f the system  prev iously , the vast m ajority  are rem oved  by the 
M5 -  M6 -  C9 com bination form in g  a 1% momentum acceptance. T h erefore , 
m ost o f the m uons in the beam  at the bubble cham ber are from  decays 
in the la st 8 .7  m  from  C9 to the cham ber. This correspon ds to a 
muon contam ination of about 6%.
1. 3. D eterm ination of the Beam  Momentum.
As the 7T d experim ent is  intended to be a high resolution  
experim ent, it is essen tia l that the beam ch aracteristics  be knov/n as 
w ell as p oss ib le . V ariou s checks which have been m ade on the beam 
m omentum  are outlined below .
D uring the exposure at C .E .R .N , the beam  m omentum  at the 
fina l co llim a tor  was estim ated to be 4. 050 G e V /c , This figure was taken 
in our in itia l tests  as the value o f the beam m om entum  in the cham ber. 
H ow ever, there is  naturally  a lo ss  of momentum between the final 
co llim a tor  and the fid u cia l reg ion  in the chamber itse lf (whose entry point 
is  defined in the 2 m  coord inate system  to be at x = -  15 cm ). This loss  
of m om entum  can be calcu lated  from  the known amount of m etal, p lastic 
scin tilla tor and air between the final collim ator and the fiducia l region 
and is  about 15 M e V /c , giving a beam momentum in the cham ber of 
4. 035 G e V /c .
The m agnetic fie ld  in the cham ber, to which the m easured m om en­
tum is d ire c t ly  proportional fo r  a given radius of curvature, was checked 
by plotting the effective  m ass of the two pions which constitute the decay
K ° -4  IT TT , and by seeing whether the resulting distribution was peaked s
O o
at the accepted  K m a ss . 318 K decays from  the f ir s t  ro lls  m easureds
in the experim ent gave an average effective m ass-squ ared  of 
0. 2477 + 0. 0003 ( G eV/c^)^
com pared  to the present w orld  average [Ref. 3] of 
0. 2478 + 0. 00015 (G eY /c^)^ .
•Other p oss ib le  system atic sources of e r ro r  in geom etric 
recon struction , such as spatial d istortion in the cham ber, liquid m otion, 
e t c .,  have been checked out as far as possib le . Unfortunately, two ro lls  
o f s o -ca lle d  zero fie ld  film  taken during the exposure, which would have 
been v ery  useful in d istortion  studies, w ere found to be un-usable* .owing 
to a residual fie ld  o f about 0. 3 Kg rem aining in the cham ber. This w^’as
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found by determ in ing the range and radius of curvature of severa l 
hundred slov/ S -r a y s .
The s im p lest m ethod of determ ining the beam m om entum  is  to 
m ea su re  a s e r ie s  o f beam  tracks and to use the G eom etry P rogram  to 
fit  them to a m ass-dep en d en t h elix . The resulting momentum at the 
point X = -  15 cm  can be obtained using the Range-Momentxim Table in 
the p rog ra m . Accordingly^ 2679 beam tracks w ere p rocessed  in this 
way and the resu lting  distribution was found to peak at 4. 04 G e V /c  
with a width, owing to m easurem ent e rro r , of 150 M eV /c , Taking 764 
o f these beam  tracks with a track length greater than 60 cm , fo r  which 
the m easu rem en t e rro r  is slightly better, gave a distribution peaked at 
4 .0 3 5  G e V /c .  H owever, with such a large m easurem ent e rro r  spread 
and with severa l p ossib le  system atic e rro rs  inherent in this m ethod, these 
d istributions can only be considered as a guide to the beam m om entum .
A second, m ore  accurate method is  to consider the well 
constrained  reaction
+ , TT d +pp ir rt
One can obtain the re a l beaim momentam by inserting a nom inal 
m om entum  into the k inem atics program  and by looking at the resulting 
fits to this reaction . The ’’M issing Px" for  this reaction  (defined as 
the d ifference between the m om entum  of the beam and the sum of the 
m easured m om enta of the outgoing tracks in the x d irection ) is  the 
amount by which the beam  is  in co rre ct . This m ethod should be m ore  
exact than the m easured  m om entum  method as^in this case , inform ation 
from  the whole of the w ell-con stra in ed  event is  considered  and any
- 11
system atic  e r r o r s  in track  m easurem ent should be reduced . The 
••Missing P x " fo r  a la rge  part of our initial data, using the nom inal 
value of 4. 050 G e V /c , was found to peak 15 M e V /c  above zero , indicating 
that the nom inal value was too high by this amount.
A  guide to this d iscrep a n cy  had already been obtained from  a 
sm a ll num ber o f events by considering  the momentum "Stretch Function" 
defined as
s ( - ; )  =
\
P nominal
A  1
P  nom inal/
A 1
P fit ,
which should, on average, be zero , if  the nom inal beam m omentum  value 
is  c o r r e c t . In addition, if the e rro rs  on track m easurem ent are calculated 
co r r e c t ly  the Stretch  Function distribution should have an approxim ately 
norm al distribution  shape with a standard erro r  of 1. 0. The variable 
•1/p* is  used  as its  e r ro rs  are  m ore  norm ally distributed than *p’ 
owing to the fa ct that m easurem ents are made of sagitta rather than 
radius. By vary ing  the nom inal beam momentum, one can observe  the 
variation of the Stretch Function  m ean value, as shown in F ig , 1. 5 for 
305 events of early  data. It is  clear, even from  these few  events, that the 
beam momenttim should be m uch low er than 4. 050 G e V /c .
The spread in the Stretch Function distribution, together with 
the distribution of the k inem atic probabilities fo r  these fits enable us to
P, GeV/c beam
Data 305 4 prong 4 - c events of reaction
+ + _
IT d —  ^P P Tr TT
seaF ig. 1.5 VARIATION OF J  i. ^  ^ FOR 305 
EVENTS OF EAPv-LY DATA
-  12 -
estim ate the e ffe ctiv e  uncertainty in the beam m om entum . A flat 
d istribution  of the kinem atic probabilities is  obtained only when both the 
e r r o r  on beam  m easurem ent and the erro r  on the secondary tracks 
are  estim ated  c o r r e c t ly . By adjusting both these quantities fo r  a large 
sam ple o f the data an essen tia lly  flat distribution of the kinem atic 
p rob a b ilitie s  was obtained together with a standard e rro r  of the Stretch 
Function  d istribution  of about 1. 0 when the effective vincertainty on the 
beam  was + 15 M e V /c .
S im ilar values o f the beam momenta w ere arrived  at independently 
by the R utherford  L aboratory and consequently the whole data w ere 
p r o c e s s e d  using a beam  momentum of 4. 035 + 0. 015 G eV /c .
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CHAPTER 2
P resen t T ech a ica l Status of the Experim ent
2.1. G eneral.
B irm ingham  re ce iv e d  over one third of the film  from  the firs t  
exposu re , am ounting to approxim ately 130 thousand pictures or  171 
segm ents (quarter r o lls ) . The scanning and m easuring w ere undertaken 
in two p a rts . In the f ir s t  25% of our film  (Part 1), operators were 
instructed  to m ea su re  essen tia lly  all events, except fo r  one or two 
prong s ca tte rs . In the rem aining three-quarters (Part 2), hov/ever, the 
op era tors  m ea su red  only those events corresponding to an interaction on 
the neutron o f the deuteron; in other w ords, only odd prong events or even 
prongs with a stopped spectator proton with a projected  track length less  
than 20 cm . on all three v iew s. In addition, they continued to m easure 
events containing a neutral strange particle decay (vee), irresp ectiv e  of . 
whether these events were proton or neutron interactions.
O ccasion a lly  an event is  found to be unm easurable. A  large 
ntunber o f events fa ll into this category  because of a secondary interaction 
of one of the outgoing track s , making the track too short for m easurem ent. 
H owever, the la rg est num ber of unmeasurable events, at the f ir s t  
m easurem ent stage, are those with another beam track being very  close  
to the event vertex , m aking event identification by the H. P. D. (Hough 
P ow ell D ev ice , a F lying Spot D igitiser) very  d ifficult. M ost of this 
second category  though can be obtained at the rem easurem ent stage.
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Even so, any lo s s  of events into this category should not bias the
data in any way. Events considered  unm easurable at this firs t  
m easu rem en t stage are designated 'R ecorded  O nly',
Scanning and m easurin g  of Birmingham film  w ere com pleted  in 
O ctober 1971 and y ielded  the follow ing number o f events:-
M easured  Events R ecorded  Events Total
Part 1 23501 6712 30213
Part 2 45477 13039 58516
T otal 68978 19751 88729
The "R e co rd e d  Only" number fo r  Pe.rt 2 includes 4300 events 
containing a charged strange p article  decay (kink) which w ere not 
m easured  in this part of the film .
In addition, fo r  contam ination estim ate purposes, two segm ents 
o f 4 G e V /c  film  taken with a proton rather than a pion beam w ere 
m easured . With the data from  Durham and the Rutherford Laboratory, 
the f ir s t  exposure contains about 180 thousand m easured events, the last 
event being m easured  in late 1972.
Only about 81% of m easu red  events reach  the final D. S. T , (Data 
Sum m ary T ape), m ostly  ov/ing to G eom etry track failure and (for Part 1 
events) re je ction  by p h ysic is t at the final selection  stage. A ll of the 
fa iled  events from  P art 1 w ere attempted fo r  re -m easu rem en t by 
Conventional m easuring m achines, yielding another 3, 500 events for  the
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D .S . T, At the presen t time^a number of the fa iled  events from  Part 2 
have been re -m e a su re d ,m o st  of the vee events having been com pleted. 
M easurem ent o f the second exposure of this experim ent began in 
June 1 9 7 3 . H ow ever, data from  this exposure is not contained in this ' 
rep ort.
2 .2 . The TT ^ d P ro ce s s in g  System f F ig . 2 . l1 .
The IT d 4 G e V /c  experim ent was the firs t  experim ent at 
B irm ingham  to be p ro ce sse d  by an alm ost com pletely automatic system . 
After two v iew  p re -m easu rem en t by operators on SHIVA digitising 
tables, the th ird  view  was reconstructed  by com puter. Computer 
re con stru ction  of the third view  speeds up the m easurem ent rate 
con s id erab ly . The film  was then m easured by the H. P. D. which provides 
accurate track  position and ionisation inform ation after the HAZE 
pattern - recognition program  [ R ef. 5], The pre-m easu rem ent on the 
SHIVA tables is  n ecessa ry  so as to provide guidelines (or "ro a d s ” ) 
either side o f each track within which the com puter controlled  H. P . D, 
r e co r d s  all bubble p osition s. Pattern recognition is used in HAZE to 
sort a ll the in form ation  within the roads and, by using an averaging tech ­
nique, p rov id es  accurate coordinate m easurem ents (M aster Points) along 
the length of each track .
The R utherford  L aboratory  chain of G eom etry and Kinem atics 
p rogra m s was used [Ref. 6] with various Birm ingham  m odification s. 
Events, which fa iled  G eom etry  at the firs t  pass w ere m anually aided using
P h y s ic is t  Scan 
Instru ctions
F ilm  fro m  
CERN U
Scan and 
Pre-M easure.'^ .M aster L istnient___ j [_____ __
H. P .D „ 3rd View
j ^Measurement [ | R econstruction !
M easured
Events
Only
HPD Tape ~| ' Haze Pattern G eom etry
L ib ra ry  |
__ i 'Recognition
Fail
Events
y Haze F ix -u p
Pas s 
Events
Haze Tape 
L ibrary
F ail Events 
F or
ReM easurem ent
I ___________
Geom etry
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the C .R .T ,  H A ZE -F IX U P  program . H ere an operator is able to 
c o r r e c t  any m isp la ced  M aster Points on a track  and to pass the corrected  
track  back to the G eom etry program . Any events which still fa il are 
tr ied  fo r  re -m ea su rem en t by Conventional m achines at a la ter date. 
Conventional m ach ines are manually operated and, although slightly  less  
accu rate  than an H. P . D . , require no pre-m easu rem ent.
The author was responsib le  for an im proved G eom etry program  
(th ree -d im en sion a l track  reconstruction program ), K inem atics program  
(hypothesis testing program  f o r  track-m ass com binations), and a third 
p rogram , JUGGLER, which uses the ionisation inform ation fro m  the 
H. P . D. to ch oose  between the competing hypotheses which are 
k in em atica lly  p oss ib le . JUGGLER was capable of making a d ecis ion  
which could not be im proved by a physicist on approxim ately 70% of 
events; the rem ainder (for Part 1) were looked at by p h ysicists  and 
their d ecision s w ere passed  to the D .S .T .b y  the JETSAM C .R .T .  
p rog  ram .
With an efficien t system  the end result is a D. S. T. containing 
inform ation  on all m easu red  events in a form  suitable fo r  the p h ysicist 
to use fo r  his ana lysis. D evelopm ent of the Birm ingham  p rocess in g  
system  is  s till continuing.
2 .3 . The JUGGLER Autom atic Selection P ro g ra m .
The final part of the 4 G e V /c  p rocessin g  chain is the JUGGLER 
p rogram  developed by the author. This is taken from  the R , H. E. L.
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JUDGEION program  developed independently at B irm ingham  by various 
p eop le , notably S .W . O ’Neale [Ref. 7] . The p rogram  com putes an 
ion isation  ch i-square and confidence level fo r  each view  from  the 
p red icted  ionisation (obtained from  the m om entum  and m ass of the track) 
aiid the m easu red  ionisation (obtained from  H. P . D, m easu rem en ts)
[R ef. 7]. This is done for each fit (m ass com bination) which is  p oss ib le  
a fter k in em atics .
F its  considered  for  ionisation (for a sim ple fo u r -p ro n g  event, 
fo r  exam ple)w ould  b e :-
(a) A ll good kinem atic fits i. e. fits which have not fa iled  in the 
K inem atics program  and which have a non -zero  kinem atic p robab ility ,
(b) A ll fa iled  1 - c fits (i. e. failed fits which hypothesised a m issin g
neutral p a rtic le ) whose m issing m ass-squared satisfy  the c r i te r ia :-
2 2 2MM + 3 A MM ^  (M ass tr^  + Mass Neutral)
Such fits  can possib ly  have m issing at least one Tr° together with .
the hypothesised m issin g  neutral particle. Such fits are ca lled  "M issing
M ass F its "  or "M ulti-N eutral F its " .
(c ) A ll fa iled  4 -  c fits  (i. e. fits with no m issing neutral) which have
fa iled  in K inem atics for  som e reason but which have m issin g  m a ss  and 
m om enta consistent with zero . These events could in fact be the
correspon d in g  1 -  c fit  with the at rest, although in general this is
unlikely.
F o r  each fit we have an ionisation probability  (confidence level) 
fo r  each of the three view s. A nti-selection  now takes p lace with each
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fit  being com pared  with all the others in turn. No fit is d iscarded  on 
the basis  o f its own ionisation probability alone, but only if there exists 
another fit  with fa r  su p erior values. A given fit is re jected  if there is 
another fit  such that
either the ion isation  probability  of the second is  greater than 2-|
tim es the ion isation  probability of the firs t  on all three view s. 
o r  the ion isation  probability  of the second is greater than 5
tim es the ionisation probability of the firs t  on 2 v iew s, and 
that the ionisation  probability of the firs t  is NOT 5 tim es the 
ion isation  probability  of the second on the final view .
T h is p roced u re  does not stop a decision  being m ade if there are 
only two v iew s with good ion isation  m easurem ents. O ccasionally  the 
ion isation  inform ation on a v iew  cannot be used or is not available or is 
in co rre c t  (through overlapping tracks, fo r  exam ple). ’ Then a tw o-view  
d ecision  m ust be taken. T o avoid  a fit with low ionisation probabilities 
d iscard ing another with even low er probabilities, all ionisation probab­
ilit ie s  below a cu t-o ff of 0. 2% are ra ised  to that cu t-off before  any 
com parisons are m ade.
As a test, 40 segm ents o f Part 1 data w ere partially scanned for 
program  e r r o r s  and 8 segm ents w ere fully scanned, paying particular 
attention to events involving vees and those events where the ionisation 
p rogram  had d ifficu lty  in m aking a decision . The test showed that 3% 
of events w ere c la ss ified  by the program  wrongly; this figure was about 
2% fo r  unique events (i. e. events containing only one final ionisation 
ch oice) and in creased  as the ambiguity of the decision  p ro ce ss  increased.
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Events containing a c o r r e c t  4 - c or 1 -  c fit a lm ost never had the fit 
w rongly  c la s s ifie d . The test showed that m ulti-neutra l fits w ere largely  
resp on sib le  fo r  these few  cla ss ified  in correctly . H ow ever, no in correct  
4 - c  o r  1 - c fit can be added in this way and the resulting d ata -set for 
these ca teg orie s  was found to be correct, although slightly reduced, with 
a corresp on d in g  slight in crea se  in background to the m ulti-neutra l 
channels.
About 20% of events contained additional fits which should, in 
p rincip le , be excluded  by the ionisation inform ation but which are still 
ambiguous with the present technique. Most of these are m ulti-neutral 
fits . H ow ever, fo r  these fits there is usually an im portant d ifferen ce  in 
the tra ck -m a ss  com binations, such as pion-proton inversion , enabling a 
p h y s ic is t 's  d ecis ion  to be m ade instead of a program  d ecis ion . This is 
a consequence of the H. P. D. and the program m ing chain not being as yet 
as good an ionisation  m easuring device as one would like.
In p ra ctice , how ever, this 20% of events with additional fits do not 
constitute a seriou s p rob lem . The vast m ajority are 1 - c fits  with an 
additional in c o r re c t  m u lti-n eu tra l combination and these can be cla ss ified  
at the D. S. T . by im posing a kinem atic probability cut on the data. The 
rem ainder are com posed  of m ultiple ambiguities of m ulti-neutra l fits 
whose physics usefu lness is  not seriously  reduced by a sm all in crease  
in ambiguity. It was evident that for  the m ajority  of our future analyses 
we could continue with this form  of the program . The ionisation selection  
was seen to be alm ost as capable as physicists selection  in producing 
data-sets fo r  4 - c and 1 - c fits  for physics analysis once the behaviour
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of fit se le c tion  had been understood.
Our con clu sion  after this test was that the program  was capable 
of reducing p h y s ic is t  scanning to about the 20% described  above, and 
P a r t i  was p ro ce s s e d  a ccord in g ly . The rem ainder of the film  was 
p ro ce s s e d  com p lete ly  autom atically  ( except fo r  events with vees) using 
the resu lts  o f the test to obtain data-sets for the com m on channels.
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CHAPTER 3
The Channel tt d—»p p tt tt
3.1 . Event S election
The m o s t  com m on 4 -  constraint channel in this experim ent,
accounting fo r  ov e r  10% of the total data, is the reaction
TT d + -p  p  Tr TT (1)
C o r r e c t  se le ction  of this channel is facilitated  by its being virtually 
\inaimbiguous both k inem atically  and by ionisation density,
A tota l o f 18780 events w ere obtained in the original data-set with a 
kinem atic f it  to reaction  (1), Because a p ion-proton  kinem atic ambiguity is 
o cca s io n a lly  p o ss ib le , a few  events contained m ore  than one kinem atic fit, 
giving a total o f 19753 fits to reaction  (1) in the original data-set. This 
num ber was reduced to the 16981 fits suitable fo r  analysis by m eans of the 
follow ing cuts on the data:-
(a) R em oval o f fits re je cted  by the ionisation program  [303 fits rem oved]
(b) R em ova l o f fits  when the event contained a different 4 -  constraint 
fit  with a higher kinem atic probability  [ 1088 extra fits rem oved],
(c) R em ova l o f fits  with kinem atic probability
P , _ < 0 . 0 0 5
[676 extra fits  rem oved]
(d) R em oval of fits  with M issing Mass Squared outside the range.
- 0 . 0 3 < M M ^ <  0. 008 (G eV /c^)^
[ 705 extra fits  rem oved ]
A fit re je cted  by one of these cuts was usually re jected  by at least
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one other a lso .
The 583 fits  in  the rem aining 16981 which contained a spectator 
proton  wdth m om entum  grea ter than 300 M eV /c  w ere a lso  rem oved, leaving 
16398 events availab le  fo r  the study of it -rr sca tterin g ,*  A s these 583 
fits a re  fa r  m o re  than a re  expected  from  knowledge o f the deuteron wave 
function, they a re  p robab ly  the resu lt of som e sort o f double scattering 
rather than the " fr e e  nucleon" interactions in which we are  interested .
We are  certa in  that these cuts do not bias the physics analysis in any way.
In F ig s . 3 ,1  to 3 .4  we show the general kinem atic properties o f 
fits to rea ction (l) . T here is no qualitative change o f these properties in 
going fro m  the orig in a l data-set to the reduced data-set. H owever, we 
fe e l that these cuts: on the data are  n ecessary  in ord er to ensure a clean 
sam ple of events fo r  analysis.
F ig s . 3. 1(a) and (b) and (c) show the M issing Px, P y and Pz 
d istributions fo r  seen proton spectators only. F ig s . 3 ,2  (a), (b) and (c) 
show the sam e quantities fo r  unseen spectators. F rom  these distributions 
the spread due to m easu rem en t-errors may be seen; the large spread in 
^  P x  is  owing to a ll the fa st tracks being in that d irection , and the spread 
in  A p z  is  g rea ter than that in A P y  owing to the sm all s tereoscop ic  angle 
between the three cam eras rendering geom etric recon struction  m ore 
difficult in  the z d irection .
* The analysis d escrib ed  in Chapter 5 was based on a slightly reduced 
data set o f 15485 events.
Events / 5MeV/c
-0.2 -0.1 0.0 0.1 0.2 GeV/c-0.1 0.0 0.1
F ig , 3.1, D istributions of M issing Momenta fo r  Seen Spectators 
(a) A  P;< (b) A  Py (c) A  P j
- 0 . 1 0.0 0.1 GeV/c
Events/ 5 MeV/c
F ig , 3 ,2  D istributions of M issing Momenta fo r  Unseen Spectators 
( a ) A P ^  (b) A P y  (c) A
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The kinem atic probability  distribution is shown in F igs 3. 3 (a) 
and (b) fo r  seen and unseen spectators respective ly . The e rro rs  involved 
in the k inem atic fit  are seen to be approxim ately co rre ct  from  the flat 
behaviour of the d istribution . The sm all peak at low probability , which is 
ob serv ed  in m o s t  bubble cham ber experim ents, resu lts,am ong other things, 
fro m  o cca s io n a l slight m ultip le  scattering of the outgoing tracks which 
cannot be p aram eterised  by the usual standard error  on track m easurem ent. 
They a re , h ow ever, good events and should be included in the data-set. In 
the case  of on e -con stra in t fits (fits with one m issin g  neutral p article) the 
low probabi-lity ta il is usually larger and includes a number of wrongly 
c la ss ified  f it s .
In F ig s . 3 ,4  (a) and (b) are shown the resulting M issing M ass 
Squared distributions fo r  seen and unseen spectators resp ective ly . It 
can be seen that all the distributions of m issing quantities are m ore  
narrow ly peaked towards zero  fo r  seen spectators than for  unseen 
spectators , as should be expected if there is no knowledge of the momentum 
and d irection  of the spectator proton. The assumption m ade in the 
K inem atics program  fo r  the 3 -  momentum of an unseen spectator is that 
the p artic le  has the three com ponents o f momentum equal to zero  with 
"measurement e r r o r s " ,
£ x  = E y  = — 30 M e V /c  £  z = ^ 40 MeV /  c
The e r ro r  in the z d irection  is larger as it is easier to m iss  a spectator 
along the z d irection  because of their dipping towards or away from  the 
ca m eras. The s ize  o f the e rro rs  is chosen such that the vector sum is 
about 60 MeV / c , the lim it of v isib ility  for  a slow  proton in a bubble cham ber.
E ven ts / 0.02
(a) Seen spectator events
(b) Unseen spectator events
E v e n ts / 0.001 (GeV/c)'
The distributions of M issing Momenta and M issing M ass Squared are 
seen  to be reason ab ly  central about zero , consistent with the co r r e c t  choice 
o f beam  m om en tu m . T here is  a slight assym m etry in the M issing P z 
d istribution  which has been ascribed  to a possib le  cham ber d istortion  effect 
and which is re sp on sib le  fo r  the anisotropic unseen spectator angular 
d istributions d e scr ib e d  in the next section .
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3 .2 .  Spectator D istributions
In the m a jority  of this experim ent, events w ere selected  for 
m easuring by favouring those in which the neutron was involved in the 
strong in tera ction , and in which the proton was m ere ly  a spectator p article . 
In this S pectator M odel (or Im pulse Approxim ation) we assum e the 
spectator proton  to em erge from  the interaction with the sam e momentum 
and d irection  it p ossessed  within the deuteron. The basis fo r  this 
approxim ation is that the binding energy between the neutron and proton 
within the deuteron is  v e ry  sm all (2 .23  MeV), and the extent to which this 
approxim ation is  va lid  governs the extent we can study strong interaction 
pion-neutron co llis ion s  in deuterium . F orm ally  the Impulse Approxim ation 
has three req u irem en ts :-
1) the radius o f in teraction  o f the incident particle is sm all com pared 
to the nu cleon -nu cleon  separation
\ inc ^  deuteron
2) the deuteron binding fo r c e s  are negligible during the tim e of interaction 
and only serve  to define the m om entum  of the target and hence of the 
bystander nucleon, since the tv/o are equal and opposite in the Impulse 
Approxim ation.
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3) scattering  of secon dary  p articles on the spectator nucleon m ay be 
n eg lected .
T h ere  are  sev era l wave function descriptions of the deuteron, 
am ong them the Hulthen wave function [Ref. 8. ] The m omentum distribution 
of the sp ecta tor proton  is  obtained from  the F ou rier Transform , of the 
radial Hulthen wave function and is given b y :-
2 / X ^ 2(p) = C p
where j ( j>  ^ (P )
1/ (p^  + a^) - m,p + ph
p d p = 1 
-1a = 45 .5  MeV = (4 ,3 3  fe rm i)  = ^ 2 pB
u = deuteron red u ced  m a ss  = M /2n
B = deuteron binding en ergy  = 2 .2 3  MeV
P = j a
where j is  a constant betw een 5 and 7, [Ref, 8. ].
We define the sp ecta tor proton in this channel to be the slow er of the 
two protons. F ig . 3. 5 show s the experim ental spectator proton momentum 
distribution for P art 1 o f the data (when all four prong events w ere m easured) 
together with the Hulthen p red iction  for  j =5.18 [Ref. 9. ] . The curve has 
been norm alised to the total number o f events on the plot. The value of j 
slightly alters the shape of the distribution. We obtain good agreem ent up 
to 300 M eV /c with j = 5.18.
The good  agreem ent between the Hulthen momentiim distribution 
and experim ent is  not m aintained at higher spectator m om entum . We 
observe about 11% of spectators vdth momentum greater than 300 M eV /c 
com pared to the Hulthen prediction  of about 2%, Part 2 has only 4% of
Even ts  / 0.01 GeV/c
fo r  P art 1 data with Hulthen Prediction
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sp ecta tors  with m om entiim  over 300 M eV /c  owing to the spectator 
m om entum  cut applied in its scanning instructions. The usual explanation 
fo r  this e x ce s s  is  that, although the proton and neutron are loose ly  bound, 
they spend a certa in  amount of tim e close  together, at which tim e the 
incom in g beam  could in teract with both nucleons simultcineouslyo A lso, 
after an in tera ction , the outgoing particles are within a couple of ferm is  
of the sp ecta tor proton , and there is a few  per cent probability of rescattering, 
Both of these e ffe cts  resu lt in fast, forw ard going nucleons and could cause 
the large sp ecta tor  momentum tail.
H ow ever, the situation is far from  clear and the spectator distributions 
show con s id era b le  dependence upon the peripherality of the reaction  
channels [R ef. 10], and the nxomber of particles in the final state. F ig , 3. 6 
shows an exam ple of this in the -n-rrmass spectrum for spectator momentum 
over 300 M eV / c; f °  production would appear considerably reduced com pared 
to f °  production fo r  low er momentum spectators and com pared to 
production .
The spectator angles cos  ©  and ^  are defined in F ig . 3 .7 , and 
the experim ental distributions are shown in F igs . 3 .8  (a) and (b). F igs ,
3 .9  (a) and (b) show the distributions for  seen spectators only. F o r  these 
angular distributions we have included data from  both Parts 1 and 2 and have 
taken only events with spectator momentum less  than 300 M e V /c , In the 
Impulse Approxim ation we expect the distribution in cos Q to depart som e­
what from  iso trop y . The observed  counting rate is proportional to the 
cro ss  section  and the flux while the latter is proportional to the relative
0.2 0.6 1.0 1.8 2.2 GeV/c^
+ -F ig . 3 .6 . TT TT M ass Spectrum  fo r  ^  300 M e V /c
(parallel to 
chamber window)
F ig , 3 .7 . Definition of co s^ a n d  ^  for Spectators
Events / 0.04
(a)
(b)
F ig . 3. 8. Angular Distribution for all Spectators
(a) cos  ©  , with M oHer prediction
(b)
E ven ts  / 0 .04
(a)
(b)
F ig . 3. 9 Angular D istribution  fo r  Seen Spectators
(a) cos  0
(b)
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v e lo c ity  o f beam  and target so that high momentum, forw ard spectators 
are favou red . The experim en tal distribution can be predicted  using the 
invariant flu x  fa c to r  o f M oller  [Ref. 11. >]
This is
= Ir -  / (p^. p /
H ere the m om enta p^ and p  ^ are 4 -  vectors and subscripts b and t re fer
to beam  and target p a r tic le s  r.espectively . The M oller prediction ,
n orm a lised  to the data, is shown in F ig . 3 .8  (a) fo r  the Hulthen value
j = 5 ,18 . The an isotrop y  in cos G , defined as
F orw ard  -  Backward 
F orw a rd  + Backward
°^EXPT 0. 0266, “ m o l l e r  "
is seen to be in good  agreem en t with the M oller prediction .
A lthough cos  & is  as expected  we notice a severe d istortion in the 
^  di stribu tion . F ig . 3 .9  (b) shows the distribution in ^  fo r  seen
sp ecta tors  on ly , the varia tion  of which m ay be understood sim ply in term s 
of a scanning b ia s . Spectator protons com ing towards ( ^  = 0) or going 
away = it ) fr o m  the ca m era s have a sm aller projected  length in the film  
plane and are th ere fo re  d ifficu lt to observe .
F rom  the unequal lim its  we have given to the unseen spectator proton 
m om enta (m entioned in the p rev ious section ), it can be seen that as the 
uncertainty in spectator m om entum  is larger in the z direction  we should 
expect m ore  unseen sp ecta tor protons to align them selves in the — z 
d irection  rather than in either of the other two d irection s. This corresponds
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to an ex cess  at ( ^  = 0) tow ards the cam eras and ($^ = 17) away from
the cam eras, as w ell as the nvimber we should expect at ^  = 0 or it from
the gap in the seen  sp ecta tor d istributions. H ow ever, the total distribution 
/
ill (p fo r  both seen  and unseen spectators [ F ig . 3 ,8  (b)] shows m ore  
aligned along it tlian <j)= 0, F rom  knowledge of previous 2m chamber 
experim en ts the m o st  p robab le  explanation of this would be z - d irection  
d istortion  in the re co n stru ctio n .
The cen tre  o f m a ss  energy  distribution fo r  these events, leaving aside 
the sp ecta tor p a r t ic le , is  shown in F ig  3.10 (a) for  all events, and in F ig . 3.10 
(b) fo r  events with sp ecta tor m om entum  greater than 100 M e V /c  (corresp on d - 
ing to the fo u r -p r o n g  events of the reaction  tt d -^ p p  tt tt ). The m otion 
of the target n u cleon  resu lts  in a centre of m ass energy spectrum  about 
300 M eV w ide fro m  a sin gle  incident beam  m omentum.
F ig . 3.11 is  a sca tter plot of the momentum of the s low er  proton 
(by d efin ition  the sp ecta tor) against the momentum of the faster proton.
The d egree  o f ov er la p  o f the d istribution  below  300 M eV /c  can be seen, 
s tress in g  the need  fo r  ca re  when undertaking an analysis involving the 
in teraction  p roton . An analysis using just the m ass and four momentum 
tra n sfer  to the TTir system  would not depend on the choice o f reaction  proton. 
H ow ever, an analysis w hich requ ired  the determ ination of decay angles, 
v ia  the o v era ll reaction  cen tre  o f m ass, could be affected to som e extent.
Another e ffect o f doing an experim ent in deuterium , the Pauli effect, 
is rev iew ed  fo r  reaction  (1) in the follow ing section . F ig . 3.11 shows the 
lo ss  o f events at low  [t] due to this e ffect and a scanning bias, also
F ig . 3,10 D istribution  o f Centre of Mass Energy 
(a) A ll events
(b) events with ^  M eV /c
Pp GeV/c
F ig . 3.11 Scatter plot of R eaction  Proton
Momentum (fo r  P <  300 M eV / c) against Spectator Momentxim.
29
d iscu ssed  la ter .
3 .3 . Pauli E xc lu s ion  and the D rop in D ifferential C ross Section at 
Low  M om entum  T ra n s fe r .
A  c o r r e c t io n  should be applied to this channel to co r r e c t  fo r
Patili ex c lu s ion  lo s s e s  o f certa in  angular momentum final states between
the two p ro ton s . W hile the e ffe ct  m akes a negligible d ifference to the total
2
c r o s s  section , it g rea tly  a ffects  events with jt|(d->pp ) <^  0.1 (G eV /c) ,
A  quantitative treatm en t of the Pauli e ffect has been given by Benson 
[R ef. 10. ] fo r  s e v e r a l id ea l exchange m echanism s.
In the Im p u lse  A pproxim ation , the charge exchange differential 
c r o s s  section  in deuterium  is  w ritten [R e f .  12. ].
d g  D 
d t
d <0 
d t
H
flip
1 -  3 H (t) d<3d t
H
non flip
1 -  H (t)
w here d g H and d O
H
d tf lip d t non flip
are the
spin flip  and n on -flip  fr e e  nu cleon  d ifferentia l cro ss  sections. The 
deuteron fo rm  fa c to r , H (t), is  given by
H  = ^  f *  ( y )  f  { - * )  S
w here 'f- is the deuteron spatial wave fxinction and"q is the d ifference 
between the in itia l and fina l m eson  m om enta in the laboratory.
F or  pion exchange one expects only spin flip  of the interaction 
nucleon, allow ing the d ifferen tia l cro ss  section in deuterium  including the 
Pauli e ffect to be w ritten
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d a
dt
D d a 
d t
H
flip
1 - J. H (t) 
3
The u n p o la rised  deuteron  can be d escribed  as three states of nucleon 
spin, up-up , dowm -down, and up-dow n plus down-up. If a spin is flipped 
in each o f these states , only the third state n ecessa rily  becom es a state 
o f S = 1 and is  th e re fo re  f-orbidden , giving the (1 - 1/3) fa ctor .
The deuterium  reduction  fa c to r , R , defined
R = d a d a
d tdeuterium d t free  neutron
com puted fo r  low  m om entum  tran sfer is given in Table 3.1,
A nother lo s s  o f events at low  momentum transfer a rises  from  a 
scanning b ia s . F o r  a proton  to be seen in a bubble cham ber its minimtim 
tra ck  length in the film  plane m ust be about 1 m m . If the track dips 
tow ards o r  away fr o m  the ca m era s , the track  m ust be correspondingly  
lon ger such that the p ro je c te d  length in the film  plane rem ains the sam e. 
F o r  our three pron g  events (i. e . events where the spectator proton is 
unseen) there is  a p o ss ib ility  at low  |t| that the laboratory m omentum of 
the reaction  nu cleon  is  so low , or  has a dip such, that it rem ains unseen 
a lso . Even if the proton  is  ju st v is ib le  the probability of it being seen by 
an op erator is  v e ry  low . The resu lt is  a lo ss  o f events into the two prong 
category .
To estim ate the m agnitude o f this effect we can study the spectators 
th em selves. In Table 3 .2 . is  showir the V isib ility  F actor for  spectators
D eu teriu m  R edaction  F a ctor  for One P i on 
E xchange fro m  the Pauli E xclusion  P rin cip le
T ab le  3, 1
BIN it l(G e V /c ) ' R
1 0 -  0. 01 0. 740
2 0 .01  - 0. 02 0. 830
3 0 .0 2  -  0. 03 0. 875
4 0 .0 3  -  0. 04 0. 900
5 0 .0 4  -  0. 05 0.919
6 0 .0 5  -  0. 06 0. 932
7 0. 06 -  0. 07 0. 943
8 0. 07 - 0, 08 0. 950
9 0. 08 - 0. 09 0. 957
10 0. 09 -  0 .1 0.963
Table 3. 2
V is ib ility  F a ctor  for Spectators
BIN M om entum  o f Spectators 
(M eV /c )
V
1 0 - 100.08 0. 114
2 100. 08 - 141.73 0. 853
3 141. 73 - 173. 82 0. 989
4 173. 82 - 201 .0 1.0
5 201. 0 - 225. 03 1. 0
6 225.03 - 246.86 1.0
7 246. 86 - 267. 01 1.0
8 267. 01 - 285 .84 1. 0
9 285. 84 - 303.601 1. 0
10 303. 601 - 320.461 1. 0
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defined as
V = N o. Seen S p ecta tors  /  T otal Events 
between certa in  la b o ra to ry  sp ecta tor momentum lim its. These lim its 
corresp on d  to the va lues of m om entum  transfer in Table 3.1, if the 
spectator had ha,d z e ro  in itia l la b ora tory  momentum within the deuteron. 
This g ives us a ”R a n g e -V is ib ility  C u rve” fo r  the bubble cham ber.
It is  now  n e c e s s a r y  to assum e that the R an ge-V isib ility  Curve 
fo r  in tera ction  p roton s  is  the sam e as that for spectators. As we have 
averaged  ov e r  a ll sp ecta tors  to obtain the curve, we can assxxme the curve 
to be a lso  true f o r  in teraction  protons provided they are produced iso tro p ­
ica lly  in the fo rw a rd  h em isp h ere . The extent to which this is true is  shown 
in F ig s ,  3 .12 . (a) to (d) fo r  fou r intervals of mom.entum. tran sfer. The 
d istribu tion s in co s  0  fo r  in teraction  protons can be seen to approxim ate 
to an is o t r o p ic  d istribu tion  in the forw ard  hem isphere as we reduce jt [ . 
F ig . 3.12 (e) show s the d istribution  in ^  fo r  interaction protons fo r  
|t[ 0.1 (G e V /c )  c le a r ly  indicating the scanning bias.
F o r  each value o f [t( we next generate the initial F erm i 
m om entum  o f the neutron a ccord in g  to the Hulthen wave function, and thus 
p red ict the fina l momentiom of the interaction proton in the laboratory.
F o r  each reaction  proton  so generated  we have the R an ge-V isib ility  
p robab ility  in the la b ora to ry  from  Table 3, 2 . ,  enabling us to pred ict, 
on average, the lik elihood  o f seeing reaction  protons with a certain  value 
of jt] . This likelihood , which is a correction  of V in Table 3 .2 . fo r  the 
e ffect of the m oving neutron target, is shown in Table 3. 3.
150
1 2 0 -
8 0  -
Z .0
- 1
(a)
Events/ 0.01
6 0  -
1 .0  -
20  -
-1
-J_L
0
(b)
-^1
0
( d )
+1
Tifr. 3.12 cos 9  D istributions about beam for  R eaction Protons 
(a) (tj <  0.1 (b) jt{ = 0 . 3  - 0 . 4
(c) Itj = 0. 6 -  0. 7 (d) |t| = 0 .9  -  1. 0 (GeV/c)'
Events / 0.1 rad
radians
F ig , 3 .12 , ( € ) ^  D istribution  about beam fo r  R eaction  Protons
* ____________ * fo r  |t| <  0 .1 (G e V /c )____________________
2
D istributions in ^  fo r  |t( >  0.1 (G eV /c ) are isotrop ic .
Table 3. 3
BIN [ t l (G e V /c ) ‘
V is ib ility  of 
F inal State 
P rotons
Observed F raction  of 
the Total D ifferential 
C ross Section^'*')
1 0 -  0 ,01 0. 173 0. 128
2 0. 01 -  0. 02 0. 587 0.487
3 0. 02 -  0. 03 0. 802 0. 702
4 0. 03 -  0. 04 o'. 895 0.806
5 0. 04 -  0. 05 0. 932 0.857
6 0. 05 -  0. 06 0 .956 0.891
7 0. 06 -  0. 07 0. 966 0.911
8 0 .0 7  -  0 .0 8 0 .978 0.929
9 0. 08 -  0. 09 0 .983 0.941
10 0 .0 9  -  0. 1 0. 987 0.950
(*) in cludes the Pauli e ffect
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This m ethod  w ould not be valid if the angular distribution, and 
hence the v is ib ility , of fin a l state reaction  protons was very  different 
from  that of sp e cta to rs . At h igher reaction  proton m om enta (when the 
proton is  c le a r ly  v is ib le  anyway) this d iscrepancy is obvious, the reaction 
protons being v e r y  fo rw a rd  peaked in the laboratory  while the spectators 
are is o t r o p ic . In this reg ion  our assum ption is in correct . H owever, 
at low er |tj the rea ction  protons tend towards isotropy  within the 
forw a rd  h im isp h ere , a llow ing this assum ption to be m ade. By dividing 
the or ig in a l sp ecta tor  data into regions of cos ©■ , it is possib le  to obtain 
R a n g e -V is ib ility  C urves at each value of cos 9 ,  enabling the experim ental 
in teraction  p roton  spectrum  to be used v/ithout our assum ption. If the 
R a n g e -V is ib ility  C urves fo r  each value of cos 0  are found to be sim ilar, 
the actual shape o f the rea ction  proton distribution becom es unimportant.
By d ivid ing the data in this way we have no evidence fo r  any sizeable change 
in the resu lt .
R ather than use sp ecta tors  to calibrate the R an ge-V isib ility  Curve, 
a th eore tica l ca lcu lation  of the scanning bias can be made assum ing that 
the rea ction  protons are is o tro p ic  and that there exists a sharp cu t-o ff 
in the v is ib le  p ro je cte d  length in the cham ber. Such calculations are in 
general qualitative agreem ent with the scanning bias found using spectators
The total e ffe ct  on the data, neimely the product of this scanning 
bias with the Pauli e ffect, is  sho\vn in Table 3. 3.
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3. 4 . R esolu tion  of the ttit System
The reso lu tion , or er i’ or in the effective m ass of the it it system , 
stem s frona the e r r o r  in track  m easurem ent inherent in any bubble chamber 
experim ent. C ou lom b sca tterin g  e r ro r s  com bine with m achine accuracy  
and the sta tis tica l spread  o f M aster Points to produce an overa ll 
m easu rem en t e r r o r  fo r  a track  on film . Typical m easurem ent e rro rs  
fo r  TT d are ^ 2  |j. on film  fo r  the beam track a n d ~ 5  p for  secondary
track s w hose m om en ta  are determ ined from  helix  fitting. These m easu re­
m ent e r r o r s  re su lt  in the m easu red  e rro rs  in track momentum and angles. 
Stopping tra ck s , w hose m om enta are detem ined by a range m easurem ent, 
usually  have sm a lle r  e r r o r s .  The tt tt system  is better determ ined than 
m ost other m a ss  com binations owing to the pion tracks being relatively  
fa ste r  and thus having sm a ller  m ultip le scattering e rro rs  than other 
outgoing tra ck s . F itting  low ers  the track erro rs  but the long pion track 
values and e r r o r s  rem ain  la rg e ly  unchanged.
F o r  each  tra ck  in the it it system  we know the fitted azimiith and 
dip angles and the m om entum  at the production vertex  together with their 
e r r o r s .  The e ffe ctiv e  m a ss -sq u a re d  can be expressed .
M = 2 p + 2  - 2 p^.  p^ with
Pl'P2 = Pi P2  ^ *^ 1 ^2- 1^ ^2 1^ ^ ^1 ^^ 2^
and P^  the azim uth, dip and momentum for track i. This
expression  was d ifferentiated  to obtain the resolution.
The resolution  has been found to be 5 or 6 MeV in the rho region.
E ven ts /  0.5 MeV
(a)
(b)
F ig . 3.13. R esolution  o f - tt Mass
(a) A ll seen spectator events
(b) A ll unseen spectator events
(c) A ll events in the region .
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rising  to about 20 M eV at the highest -rnr m ass. F ig s . 3.13 (a) and (b) 
show the spread  in reso lu tion  fo r  the it tt spectrum  for  seen and unseen 
spectators re s p e c t iv e ly ; while F ig . 3.13 (c) shows the spread in resolution 
within the rho reg ion  only. The distributions have been found to be 
identica l fo r  both R u th erford  and Birm ingham  data and to be insensitive 
to any cuts in the data other than that of a seen or unseen spectator, as 
shown by F ig s , 3,13 (a) and (b ). The resolution  values quoted above have 
beeh. d eterm in ed  using on ly  the diagonal elem ents of the fu ll e rro r  m atrix  
owing to the o ff-d ia g on a l term s not being easily  a ccess ib le  in the 
K in em atics p ro g ra m . H ow ever, this om ission  should have a very  sm all 
e ffe ct  on the re su lt  as the o ff-d iagon a l elem ents for a 4 -  c fit are very  
sm a ll quantities.
Although the reso lu tion  in this experim ent is no larger than to be 
expected  in a bubble cham ber experim ent, it m ust be noted that the r e s o l­
ution is  b a re ly  adequate fo r  an investigation of, say, yO- co in terferen ce. 
E vidence fo r  a fou r standard deviation dip exists in our data at the 
m a ss  in one 5 M eV bin, leaving its significance doubtful when com pared 
with the reso lu tion . This n e ce s sa r ily  governs the m ass interval size 
in which the data m ay be re lia b ly  studied. In all the analyses which follow  
in this rep ort, data have been co lle cted  into bins several tim es larger than 
the nom inal reso lu tion .
3. 5, G eneral F eatures of the Data.
The general featt;res of reaction  (1) are shown in the prism  plot 
[ R ef. 13] of F ig , 3.14 (a) in which the m ass com binations M ( tt it )
F ig . 3. 14 (a) P r is m  P lo t  ir^n — f‘ pit ir
P R I S M  P L O T ir^ n  —» p 4 G e V / c
■y’*. ~ j • • ' .M.' • . • •iv  ^ • •
.7.U..V •
•• ■
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F ig . 3.14 (b) n^^firiition of Van H ove angle as_
+
used in F i^ . 3.14 (a ) in term s of tt  ^ it ,and 
proton longitudinal m om enta,.
F ig . 3.15 D alitz  P lo t  p, ir , tr
P a r t ic le  1 = p roton  
“f*
P a r t ic le  2 = ir
P a r t ic le  3 = ir 
2 2
Units a re  (G e V /c  )
DALITZ PLOT P P I ♦ PI -
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C . — N
and M ( p tt ) a re  p lotted  p a ra lle l to the horizontal axes and the Van 
Hove angle w is  p lo tted  p a ra lle l to the vertica l axis. F ig . 3,14 (b) defines
the Van Hove angle in te rm s  o f the centre of m ass longitudinal m om enta of
“h “ - { - ■ . *
the IT , TT and re a ctio n  p roton . Events in which the ir tt system  goes
forw ard  in the o v e ra ll  c e n tr e -o f -m a s s  lie  in the upper half of this plot.
F ig . 3.15 show s the D alitz plot obtained by projecting  the prism  plot onto
its h orizon ta l p lan e.
The fo llov /in g  m ain  featu res o f the prism  plot are o b serv ed :-
(a) S trong bands due to forw^ard and f°  production. The bands have 
the ch a r a c te r is t ic  appearance o f a decay angular distribution peaked 
stron g ly  fo rw a rd s  and backw ards in the resonance ce n tre -o f-m a ss .
(b) Som e backw ard  produ ction  of these sam e states.
(c ) An accum ulation  of events at high ), but with low
M^(p TT ), w hich could  be interpreted  as due to g*^  production,
•JU^  ..
or  to produ ction  of a low  m ass N in the p ir system . We note
that any g produ ction  should be sym m etric in M (p u ), although
in te r fe re n ce  could a lter its distribution. The distribution of the
•rnr invariant m a ss , Mir-rr, is. shown in F ig . 3.16^ in this diagram
+
■one event co rresp on d s  to a c ro s s  section  of 0.136 ~ 0. Oil pb 
(See Chapter 4 . )
The p erip h era l nature of the data is  further em phasised by a plot 
of the fo rw a rd  part o f the ce n tre -o f-m a ss  scattering angle from  the beam 
to the TrtT system , cos  b* , in F ig . 3.17,
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F ig . 3.17 Distribution of cos Q
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3. 6» B ack grou n d  N P rod u ction  .
*N p rod u ction , lik e ly  to p rov id e  the m ost serious backgro\ind in
the analysis o f^ o °  and f °  sy stem s, has been studied in som e detail at the
R utherford  la b o ra to r y  [R ef. 14. ] . As the resu lts are of im portance for
our ana lyses w e su m m a rise  them  h ere ,
 ^ ^ oThe p o s s ib le  e ffe c ts  of any incoherent N contribution to our /o
and f sa m p les  have been studied using a Monte C arlo  m ethod, taking values
fo r  the c r o s s - s e c t io n  fo r  N production  in the charge conjugate reaction
*
tt" p —4 N  ( 1400) TT
fro m  p r e v io u s ly  rep orted  experim en ts [ R e f. 15].
(2)
The exp er im en ts  o f R e f. 15. are at various energies , including
som e at h igh er e n e rg ie s , w here the separation on the Dalitz P lot between
❖
m eson  bands and N bands m ay be expected to be better than at 4 G e V /c . 
❖
Since N p rod u ction  is  a d iffra ct iv e  p ro ce s s , its c ro s s  section  is 
expected  to be rou gh ly  constant with energy, and so these higher energy 
values o f the c r o s s -s e c t io n  fo r  rea ction  (2) have been used in estim ating 
a c r o s s -s e c t io n  fo r  the p r o c e s s
TT ''' n —  ^ (1400) Tr’*'
I
(3)
P TT
of 0.13 m  b.
By .generating M onte C ar lo  events with an assum ed momentum
* 7t 2transfer d istribu tion  fr o m  the target to the N of e (t in (G eV /c ) ), and a 
decay angular d istribu tion  in the N centre o f m ass corresponding to a P
37
wave pir sy s te m , an estim ate  can be m ade of the overa ll n " 
contam ination o f the sam ple  of 3% and of the f °  of 1%.
A lso  estim a ted  is  the contribution  from  N production to the 
un norm alised  m om en ts  of the tnr decay cingular distribution . The resu lt 
of the study w as that none o f the con clu sion s drawn from  our analyses 
of the data a re  changed s ig n ifica n tly 'b y  including these background effects .
It shou ld  be  pointed out that this treatm ent of backgrounds applies
>!<
only to in coh eren t N produ ction . If a d iffra ctive  N is produced 
coh eren tly  with re so n a n ce s  in the tttt system , the interpretation of the 
mr den sity  m a tr ix  b e com es  m o re  com plicated .
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C H APTE R  4
C r o s s  S ection  A-Ieasurements 
. "t', + -______ in TT g —> pp IT TT______
4,1. In trodu ction .
This chapter d e s c r ib e s  the experim ental determ ination of the
cro s s  section
, / + , + -Vo  d — pp TT IT )
and the fr a c t io n a l c r o s s  section s
CS ( TT d --> pp )
P ( tt"^  d — pp f° )
(1)
(2)
(3)
T hese c r o s s  se ct io n s  a re  com p ared  with m easurem ents at d ifferent 
en erg ies  and d eterm in ation s in the ch arge-con ju gate tt’’ p m ode, A 
com p a r ison  is  m ade  betw een it *” d and tt p in the determ ination of angular 
d istr ib u tion s  and reson a n ce  d ecay  m a tr ix  elem ents using data from  this 
exp erim en t and a 4 G e V /c  it p experim en t.
4 .2 ,  E xp erim en ta l C ro ss  S ection s.
S ix segm en ts sca tte red  throughout Part 2 of the experim ent w ere 
resu bm itted  fo r  scanning during the cou rse  of m easurem ent so as to provide 
an estim ate o f the scanning o p e ra to r s ' e ffic ien cy .
A fter both op era tor  scan s the film  was viewed by ph ysicists  and 
each event found by the op e ra to rs  was checked fo r  co rre ctn ess . In this way 
it was p oss ib le  to find  the num ber of events co rre c t ly  found by the operators 
on each of the two sca n s .
Making the assum ption  that both operator scans are truly independent 
and that any lo s s  o f events by a particu lar operator happens in a random
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way (which is  not. s tr ic t ly  true as som e events are inherently le ss  
observab le  than o th ers ) we obtain
= N^/N E^ = N ^ /N N = N ,N .,/N  1 2  c
where and a re  the num ber of events co rre c t ly  found by the operators
on scan 1 and scan  2 r e s p e c t iv e ly , N is  the num ber co rre c t ly  found onc
both sca n s , N is  the tota l num ber o f  events on the film  and E and E 
are the e f f ic ie n c ie s  o f the op era tors  on scan 1 and scan 2 resp ective ly .
The n u m b ers  obtained fo r  the s ix  segm ents are listed  in Table 4 ,1 . 
d ivided into fou r  pron g  and s ix  prong ca teg ories . Only those four and 
s ix  p ron gs in w h ich  we are  in terested  in Part 2 are included. The 
e ff ic ie n cy  o f a s in g le  scan  (taken as E^) at B irm ingham  is seen to be 
83. 6% fo r  fo u r  p ron gs and 84 .9%  fo r  the s ix  prong category .
D u ring the p h y s ic is t  check  scan a count was kept of the beam flux 
and the tota l in tera ction  rate through the fiducia l reg ion . This count, on 
20% o f the s ix  segm en ts , was m ade on fra m es with fram e num bers ending 
in 'O ' o r  '1 ' to acco im t fo r  any in con sisten cy  between Expansion 1 and 
Expansion 2 of the cham ber w hich is  double pulsed. The counts, scaled  up 
to the nu m ber o f fra m e s  on each  o f the six  segm ents, are shown in Table
4.1 , and p rov id e  an - estim ate o f the total beam pathlength after a 
subtraction  fo r  attenuation of the beam  owing to interactions in the cham ber. 
A c ro s s  se c t io n  m ay  now  be obtained from
C5 = N
M
where ^  is the density  o f deuterium , M is the m olecu lar weight of 
deuterium , A  is  A v a g a d ro 's  num ber, and L is the total beam pathlength.
Table 4. 1
3 and 4 Prongs 5 and 6 Prongs
Segm ent No. B eam  T ra ck  Count
T otal No. 
Interactions
Ni Nz Nc N i Nz
920 D 10270 1497 261 284 316 42 48 47
866 A 6182 882 167 187 183 27 33 28
806 B 9936 1648 295 311 354 40 47 49
888 C 11165 1776 285 305 354 50 51 67
889 A 7823 1270 249 310 295 44 48 51
899 A 9336 1530 314 366 378 61 72 69
Total 54712 8603 1571 1763 1880 264 299 311
E j = N^/N^ E j = 83.6% E^ = 84.9%
Density of Deuterium  at 31°K  = 0, 141 g / c . c .
Path length o f F iducia l R egion  = 8 8 + 3  cm
Total Beam  Pathlength = 88 [54712 ~ j  8603] = 4 .4 4  x 10 cm .
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'f'The estim a te  fo r  the total tt d c ro s s  section  obtained from  the 
m easured tota l in te ra ct io n  rate is  som ewhat low er than that expected from  
previoxis ex p er im en ts  (49 m b com p ared  to an expected  57 m b). This is 
probably  owing to the va lu e  o f  N ( = 8603) being underestim ated (the p h ysic­
ist count w as not ch eck s  canned and sm all angle e lastic  scattering events 
a re  v e ry  hard  to o b s e rv e ) and im p lies  that the value o f the total beam  path- 
length, L , has been  o v erestim a ted . H ow ever, the value of L w ill not 
change s ig n ifica n tly  w ith this sm all change in N (L w ill change by 1.5% at 
the m ost) and w e have continued to use this orig in al value. A fu ller total 
c r o s s  se c t io n  m ea su rem en t, including an investigation  o f sm all angle 
e la stic  s ca tte r in g , is  being m ade at present.
T he fo u r  pron g  c r o s s  section  has been calcu lated from  = 1763 
and = 8 3 .6 %  to be
CS fo u r  p ron gs = 12 .0  + 0 .4 m  b.
a fter c o r r e c t io n  fo r  a 6% m uon contam ination o f the beam . This gives for 
rea ction  (1)
cS (tt^  d->pp TT^ -rr ) = 2 , 1 0 + 0 . 1 7  mb
after an in c r e a s e  o f another 5% to account fo r  those fast proton spectators 
which a re  om itted  by  the P art 2 scanning cr ite r ia  and taking the ratio
C$ (tt d -+ pp  iT jr__)_  ^ 0. 168 + 0. 014
C5 fou r  pron gs
This ratio com es  fr o m  look in g  in  detail at four segm ents from  the six  at
+ + -the final D .S .T ,  stage, the la rg e r  relative e rro r  in <5 (ir d —>pp -nr -rr ) 
com ing m ostly  fr o m  the sm a ll num ber o f ro lls  used in this calculation .
The ratio fr o m  the fou r ro lls  is  in fact v e ry  s im ila r to that found using the 
D .S .T . fo r  a ll the data, h low ever, the four ro lls  have been investigated in
m ore detail than m o s t  o f the data and this number obtained should be quite 
reliab le . The e r r o r  in vo lved  in  this part of the c ro s s  section  m easurem ent 
is th ere fore  s lig h tly  o v e re s tim a te d . The num bers in this calculation are 
shown in T ab le  4 . 2. The assum ption  inherent in this is that the proportion  
of rea ction  (1) in  the fou r  p ron g  sam ple at the D .S .T . stage is the same 
as that o r ig in a lly . W e have obtained no evidence to invalidate this 
assum ption .
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Having obtain ed  the cham iel c ro s s  section  fo r  reaction  (1), it is 
n e ce s s a ry  to m ake a fit  to the it r  specti'um  in ord er  to obtain the cross  
section s  fo r  the individual reson an ce  production  of the /o °  and the f °  m esons. 
H ow ever, co n s id e ra b le  ca re  m ust be taken if B reit-W ign er fitting 
p rog ra m s a r e  to be em ployed .
E isn e r  [R e f. 16. ] has d escr ib ed  in detail d ifficu lties which m ay be
oen cou n tered  in obtaining fra ction a l c ro s s  section s, such as fo r  ^  
p rod u ction . N ot on ly  is  there an ov era ll uncertainty in the c ro s s  section  
o f each  channel in  the experim en t (owing to uncertainties in scanning e ffic ien ­
c ie s , beam  con tam in ation s, beam  track  counts e t c , , )  but a large  e rro r  
can enter through the fo r m  o f p aram eterisa tion  taken fo r  the resonance in 
question.
E isn er  has shown that the c r o s s  section  fo r  the K '^ (890) produced
in the rea ction
(4)
K " p ~ > k "' (890) p
Segm ent No,
T able  4 .2
+ + - N o. -IT d —^ ppTT TT No. 4 Prongs
920 D 36 220
866 A 31 153
806 B 37 234
888 C 32 205
T ota l 136 812
+ -o r , F r a c t io n  o f 4 prongs that are  ppir tr
= 0. 168 + 0. 014
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using a standard B re it -W ig n e r  width o f the sort 
I 1 I—»o / \ 2L  + 1
(where q is  the m om en tu m  of each  m eson  in the K centre of m ass and
^o value o f q at the reson an ce  cen tre), can be in e rro r  by up to
30% fo r  Poeam
W igner.
10 G e V /c  owing to the large high m ass tail of the B re it-
At 4 G e V / c th ere  is  con sid erab ly  le ss  phase space available at 
high TTiT m a ss  fo r  a s im ila r  e ffe ct  to o ccu r in the tails of the ^  and the 
B re it -W ig n er  sh a p es . H ow ever, the badly param eterised  tails of these 
re son a n ces  can  se r io u s ly  d istort the shape of any backgroiind present and, 
in p a r ticu la r , the la rg e  ta il of the ^  m eson  can greatly effect the fraction  
of f °  obtained in such a fit . It is  evident that the param eterisation  needed 
fo r  the ta ils  o f re son a n ces  is  not as w ell understood as the B reit-W igner 
shapes found at reson a n ce  cen tres . This introduces large e rro rs  into m ass 
fitting p r o g r a m s .
In a p re v io u s  tt ^ d experim en t at 5,1 G eV / c, J. Quinquard 
[Ref. 17] m ade  ex ten sive  fits  to the tht spectrum  using different 
p aram eterisa tion s  fo r  the B re it -W ig n er  shape and width. Quinquard 
found la rge  va ria tion s  in the fitted  m ass and width of the resonances 
together with a la rg e u n c e r ta in ty  in the fitted c ro s s  section  fo r  g° 
production ow ing to the ta ils  o f the low er m ass reson an ces. In particular 
the width of the f °  was found to vary  from  192 to 308 M eV /c^  with changes 
in the B re it -W ig n er  p a ra m eter isa tion .
As a com p a rison  to the 5.1  G e V /c  resu lts , severa l fits w ere
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)rmm ade to the m a ss  sp ectru m  of F ig , 3,16 with the fo)
dcf = [ B re it  - W igners + Background P olynom ial] d ^ 
w here d ^  is the d iffe ren tia l phase space elem ent. Two quite different 
B re it -W ig n er  shapes w ere  tr ied
.2(a) BW (m ^ D
/ 2 2,2 ' ^.2(m  -  m ^ ) + (m I )
the fo rm  recom m en d ed  by Jackson  [Ref, 18] for  the e lastic scattering of two 
p ions via a re son a n ce  of a p articu lar spin
(b) BW = m r
(m ^ - m ^) + (m P)^ o o
the fo r m  corresp on d in g  to the production  of a resonance from  a single 
v e r te x .
In g en era l, the re la t iv is t ic  fo rm  of the width was taken as
r  =r° + 1
The fit  was tr ied  sev era l tim es, assum ing slightly different spin 
behaviour fo r  the and f °  w idths, and different order polynom ials for the 
background and assum ing g ° o r  no g ° production.
G en era lly  speaking, a better fit and a larger width and cro s s  section 
fo r  f °  p rodu ction  was obtained using B reit-W igner (b) rather than B re it- 
W igner (a ). The c r o s s  section  fo r  ^  production was found to be alm ost 
independent of the fo rm  of param eterisation . Although it is believed that 
m ost of the mr spectrum  resu lts  from  One Pion Exchange and the elastic 
scatterin g  ol a tt and a tt p artic le , we have no a p r io r i reason to expect
Table 4 . 3
B re it - 
F it W igner 
used
R esonances 
+ B ack­
ground
F raction
o
M F ra ction  
r O
M P ,2fO  fO  ^
1 (a)
ospin 1 /°  
spin 2 p
0.593 0.762 0. 134 1. 186 1.257 0, 116 237
2 (a)
spin 1 
spin 2 J.0 
spin 3 gO
0.585 0.762 0. 134 0. 170 1.258 0.104 265
3 (b)
spin 1 /O® 
spin 2
0.540 0 .784 0. 174 0.223 1.276 0.185 142
4 (b)
spin 1 
spin 2 
spin 3g °
0.578 0.789 0. 188 0.289 1.289 0, 264 113
a ll m asses and widths in G eV /c
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B re it-W ig n er (a) to be the b est fit , as no o f f“ Shell dependence is included 
in a sim ple  m a ss  f it . It m ust a lso  be noted that the larger f °  width could 
w ell include m any backgrou n d  events at the expense of the background 
polyn om ia l.
The e x tre m e s  o f the fitting  procedu re  are shown for  four fits in 
T able  4 .3 .  The re su lts  are  s im ila r  to those of Quinquard. The addition of 
3- (with m a s s  and width fixed  at 1. 680 and 0.160 G eV /c^  resp ective ly ) 
sligh tly  chan ges the shape of the backgrotind polynom ial. F or  our 
co m p a r iso n  w ith oth er exjperim ents we have taken the average fractions for 
and f °  p rod u ction  as . 58 and 0 .2 5  resp ective ly . This resu lts in the 
c r o s s  se c t io n s  f o r ^  and f °  charged  dipion d eca y :-
( d — p p = 1. 21 ~  0 .16 m  b
( TT^  d —  ^ p p £°) = 0 . 5 3 “  0, 06 m  b
4 .3 .  C om p a rison  with Other E xperim ents .
A  p rob lem  in m aking com p arison s between cro ss  section  
m easu rem en ts  in d ifferen t deuterixim experim ents centres around how to 
obtain the c r o s s  section  fo r  rea ction s  with a fre e  nucleon. Unfortunately 
c o rre c t io n s  a re  not handled in a consistent manner by all experim en ters. 
Am ong the co r r e c t io n s  which m ay be m ade are those f o r : -
(a) Pauli E xclu sion  p r in c ip le , when there are two identical nucleons in 
the outgoing channel
(b) Scanning b ia ses  resu ltin g  in a drop in the d ifferential cross  section 
at low  m om entum  tran sfer
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(c) E ffe ct  o f  s e le c t io n  of s low er nucleon as the spectator on 
m onaentum tra n s fe r  d istr ib u tion s .
(d) High m om en tu m  ta il o f the spectator nucleon using as a correction  
fa c to r  the ex p er im en ta l spectator distribution or a wave function 
m od e l.
(e) G lauber e f fe c t ; the screen in g  of one nucleon by the other which in 
e ffe c t  re d u ce s  the e ffe ct iv e  flux .
We have shown in a p rev iou s chapter how effects (a), (b) and (c) 
can s e r io u s ly  d is to r t  the d ifferen tia l c ro s s  section . H ow ever, their 
com bin ed  red u ction  o f the total c r o s s  section  is  only a few per cent.
G lau ber [R ef. 19. ] explained how the total deuterium  cro ss  section 
cou ld  be red u ced  below  the expected  sum of the cro s s  sections on the 
f r e e  n u cleon s  (at our en ergy  the c r o s s  section  defect is about 2. 5% of 
the tota l TT ^ d c r o s s  section ) using the th eoretica l expression
<=5 D "  =^5? ^ n C5 . 6  /  4'ir r ^P n
w h ere r is  the d istan ce  betw een the centres o f the two nucleons. This 
e x p re ss io n  can be  d er iv ed  by con siderin g  the nucleons as black spheres 
with g e o m e tr ica l c r o s s  section s  equal to one half the total c ro s s  section . 
The d iffe ren ce  betw een  the above sim ple form  and the m ore  com plicated 
fo rm  suggested  by W ilkin [R ef. 20]. which satisfies charge independence 
is  n eg lig ib le  in our ca se .
It seem s that exactly  how, and to what extent correction s  should 
be m ade is  not en tire ly  un derstood . One m ethod for  assessm ent of the 
magnitude o f the total co r r e c t io n  is , of cou rse , the m easurem ent of the 
same p ro ce ss  in both deuterium  and hydrogen. Since in this report we
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are p r im a r ily  in te re s te d  in asp ects  of reaction  (1) we shall com pare 
results from  this exj^erim ent with others at various en erg ies . A 
com pilation  of tr d and tt p experim eirts are given in the review  
by M usgrave [ R e f . 12. ]
The c r o s s  se ction s  fo r
TT d  ---- ^  P  P  TT T7
and TT p -> n IT TT
(1)
(5)
are equal by ch a rg e  sy m m etry . The data are com pared in F ig . 4.1
“4” —•and the it data a re  seen  to fa ll system atically  below  the ir cross  sections
by 15 to 25%. U su ally  the tt p reaction  is less w ell constrained than the
*T “IT d re a ct io n , and the -it p c r o s s  sections could include som e background. 
H ow ever, no c o r r e c t io n s  are m ade to the ■rr'*'data fo r  the Pauli effect nor 
is  the high m om entum  sp ecta tor tail included, except in the 5.1 G e V /c  
ca s e . A ls o , s e v e ra l o f the tt d experim ents only use events where the 
proton  sp ecta to r  is  ob serv ed  (i. e , only four prong events) and make the 
la rg e  c o r r e c t io n  fo r  the rem ain d er on the basis of the Hulthen distribution. 
We can exp ect th ese  e ffe cts  to account fo r  a large part of the observed  
d iscrep a n cy .
The c r o s s  section  m easurem ent from  this experim ent, which 
includes high m om entum  sp ecta tor events but not a correction  fo r  the Pauli 
e ffect, is seen  to be con sisten t with other -rr d experim ents and somewhat 
below  the tt p va lu e . The experim ent by E isner et al [Ref. 15. ] at 
4.1 G eV / c g ives 2 ,8 5  — 0. 07 m b fo r  reaction  (5) com pared to our
2.10 — 0.17 m b fo r  rea ction  (1). The tt p resu lt, how ever, can be s e en
+ + -F ig . 4 ,1 . (a) C ro s s  se ct ion s  fo r  it d —^ tt it pp^ (b) Com parison
+ + -o f channel c r o s s -s e c t io n s  fo r  tt d tt tt pp ands
— + “
IT  p  — ^  TT T7 n .
(b)
©
ct-
I>‘'T  I
1 ! i>1
, i __I-----
© •n- p-
ff'-d -
□ this
^ n 'tr '’‘ n
10 2 0  P i a b G e V / c
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to be slightly  high when com pared to the values at other en erg ies .
The ^  production cross  sections for reactions (1) and (5) are 
actually  in better agreem ent, as shown in F ig . 4 .2 . In this case  the 
E xclu sion  P r in c ip le  co rre ct io n  has generally been made in the quoted 
c r o s s  section , otherw ise a 4% (pure spin flip) correction  has been 
applied. This m uch better agreem ent suggests that a large part of the 
d iscrep an cy  between the channel total cross  sections should be attributed 
to background in the ■tr p reaction . Our value for ^  production (after 
the 4% correction ) of 1. 26 ~ 0.16 m b com pares w ell with the tt p value 
o f 1.15 — 0. 05 m  b found by E isner et al.
The charge sym m etric f °  cross  sections provide a le ss  stringent 
ch eck  of the deuterium  data than is possible for t h e s i n c e  the e rro rs  
are  m uch la rg er . The agreem ent in F ig . 4 .3 , is good, apart from  the 
4. 5. G e V /c  ir'*'d resu lt. Our estim ated value for f*^  production is 0. 53 4 
0. 06 m b, equal to the tt  p value (a lso  0, 53 — 0. 06 m b).
A further check involves com parison of the differential cro ss  section 
and decay density m a trix  elem ents for  the charge sym m etric y<P 
rea ction s . Again we com pare our data with the Eisner et al tt p experim ent. 
The d ifferen tia l c ro s s  section s fo r  the two experim ents are shown in 
F ig . 4 .4 .  and the Jackson fram e (t - channel) decay m atrix  elem ents for  
the ^  fo r  the tt  p experim ent we show in F ig . 4 .5 . These m ay be 
com pared  with the tt ^ d m atrix  elements shown in F ig . 5 .4  (b).
We have the resu lt that the physics of the two reactions, apart from  the 
c ro s s  section s, are very  sim ilar except in the very  forw ard region of
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m om entum  tra n sfer  wliere correction s  have to be m ade.
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F ig . 4. 2. Channel c ro s s  sections fo r  Tr'^d- /^0*pp and i t  p -^ /o  n. (a) Shows tt p -^*/on; (b) tr n — p
and (c) both of them . The m arked vafues of n are found from  fitting the data in each graph to the
form  A p“^^ , .lab
Fig . 4 .3 .  Channel cross sections for n -^ p f°  and tt p -^ f °  n
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CH APTER 5
A n alysis  of / 0 °  Production
The C h ew -L ow  form u la  [Ref, 21]. was the f ir s t  attempt to describe 
the o f f -s h e ll  behaviour o f a One Pion Exchange type reaction  amplitude 
in term s of the o n -sh e ll p ion -p ion  interaction . By perform ing extra ­
polations to the pion p ole  in various ways, it has since proved possib le  
to ex tra ct fro m  the data in form ation  on pion-pion  phase shifts.
- +H ow ever, with the recen t in crea se  in data of the ir p —  ^ tt i t  n
-f* -f- •.
and 7T n —-> i t  tt p channels, we are able to observe other p ro ce sse s  
w hich  contribu te in addition to straightforw ard One Pion Exchange, F rom  
the co e ffic ie n ts  o f the decay angular distribution of the dipion. system  in the 
rho reg ion , it is  p o ss ib le  to extract the dominant pion exchange amplitudes 
and extrapola te  them  to the pion p o le . In addition, the form  of the 
rem ain in g  am plitudes, com ing from  absorption or from  other exchange 
m e ch a n ism s , can he investigated . By repeating the analysis at severa l 
en erg ies  we obtain the energy  dependence of these other m echanism s, 
fro m  w hich can be deduced the dominant p article  exchange or production 
p r o c e s s  in volved  in each am plitude.
5 ,1 , C la ss ica l One P ion  Exchange .
As a guide to the Am plitude Analysis which fo llow s, we present 
h ere  a. sum m ary of the ch a ra cte r is tics  of sim ple One Pion Exchange, 
The read er is  re fe rre d  to the severa l excellent review s on the sub ject, 
notably those of R ef, 22.
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Suppose that the rea ction
+IT n +TT TT P (1)
w ere  com p le te ly  dom inated by One P ion Exchange [Pig. 5.1], then the 
d ifferen tia l c r o s s  section  is  given by the C hew -Low  form u la :-
d^cr = A -  t d ir ir
d |t| dm dvA (t -  P ) d
w here A  conta ins the norm alisa tion  together with the flux and any o ff-sh e ll 
fo r m  fa c t o r s . The va ria b le  'm ' d escr ib es  the m ass o f the dipion system , 
’ t ' the fou r  m om entum  tra n sfer  squared fram  the beam to the dipion 
sy stem , and d<b/d-Tl the d ecay  angular distribution of the utgoing 
in the d ip ion  sy stem . The o n -sh e ll decay angular distribution is  given by 
d c? rT r/d 'T l. The fa c t o r  ” -t'* a r ises  because the pion exchange flips the 
n u cleon  spin, lead ing to the designation "Half A sleep  Pion Exchange"
[R ef. 2 2 (F ox )].
The ir i t  p artia l w aves are  obtained from  the on -sh ell mr d ifferen tia l
c r o s s  s e c t io n :-
<J. <? irrr'
Ji S I
n  ^ + l) 0)
with the iso sp in  d ecom p osition
x =  o
•u ■" 3 ' u 3 *L
I
f - f' L ' U
x »  I
fo r  even L
fo r  odd L
and, in the ir tt e la stic  scattering  region  
■ X _ I
- Stn S i. c x
Mirtr
+ + -
F ig . 5 .1 . TT Exchange in ir n —> it it p
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By in tegratin g  ov e r  the d ecay  angles of the irTT system  the double 
d ifferen tia l c r o s s  se ct ion , cL cr A l t i i  rn is obtained with which a fit can 
be m ade to the data. Such a fit  is  d escribed  in Appendix 1.
The d eca y  angular d istribution  of the irir system  is analysed in 
term s o f sp h e r ic a l h a rm on ic  m om ents
L r
The coord in a te  system  u sed  is  defined in the follow ing way for  two 
a lternative  s y s te m s . The su itability  of either system  for  each particular 
an a lysis  w ill be d e s c r ib e d  in la ter  se ct io n s :-
(a) in the s -  channel h e lic ity  fram e the coordinate system  lies  in 
the d ip ion  ce n tre  o f m a ss  with the z d irection  the dipion d irection  in the 
re a ctio n  cen tre  o f m a s s .
(b) in the t -  channel h e lic ity  fram e (the G ottfried -Jackson  fram e) the 
coord in a te  sy stem  lie s  in the dipion centre of m ass with the z d irection  
the beam  d ire c t io n  in the d ipion  centre o f m a ss .
(c ) the y d ire c t io n  in both fra m es  is  defined by the vector (beam )x
(dipion ) and the d eca y  angle is  d escr ib ed  in these system s by the outgoing
+ tr .
TT exchange p rod u ces  on ly  t - channel (i. e. G ottfried-Jackson)
h e lic ity  ze ro  ir ir sy stem s, and then only the Y /m om en ts
of the d ecay  angular d istribu tion  are n on -zero . E xpressing these m om ents
in term s of ir n —> i t  tt p am plitudes fo r  the production of .
*4*waves (i. e. spin 0 , 1, . . . .  ) h e lic ity  zero  it  i t  states, we obtain the
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follow ing system  of equations
j u  n <y :> s. -i-
U  2.
L  + ! !(^ )
JX 7  M <'!>  = i  R- (S, p;*) + R^(p, b !)
(b)
^  N<Vo> :2-r a +  ^  ( J .  D^) i t>„
7
J I 7  N<yf> =- 
JZ 7  N < y t >  -
Rc Ctt>*)3s
_£
7 D.
!(c )
(d)
i (e )
With one o r  two assum ptions this system  form s a soluble set of equations
fo r  the am plitudes S ,P  etc .o o
C om bin ing  these am plitudes with the C hew -Low  equation we
obtain
L F C t )  M -n-fb f ,
( t - r )  / 7
fo r  each p artia l wave L . F (t) is  the o ff-sh e ll form  factor at the trir 
vertex .
It is  im portant, h ow ever, to rea lise  the form  of a set of equations 
linking the ob serv a b le  quantities, the spherica l harm onic m om ents, to 
(in this ca se , m od e l dependent) am plitudes of the production p ro ce ss .
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This p articu la r  set o f equations has been given as it d escrib es  the m ost 
sim ple such se t . In the fo llow in g  analysis we shall d escrib e  a sim ilar 
set of equations. H ow ever, this new set w ill be written in a general 
way, including h e lic ity  n o n -z e r o  m om ents and am plitudes, and w ill not 
be confined on ly  to the t-ch a n n el h e lic ity  zero  predictions of One Pion 
E xchange. The next section  w ill con firm  that such a procedu re  is 
n e ce s s a ry .
5.2 ,  C om p a rison  o f S im ple One P ion Exchange with data.
In F ig . 5 .2 .  is  shown the m ass spectrum  of the unnorm alised 
t-ch a n n e l s p h e r ic a l h arm on ic m om ents integrated over the interval 
0 t -0 .1 5  (G eV / c)^ obtained in the ir p —> it ir"*^  n C. E. R . N - 
M unich ex p erim en t at 17.2 G e V /c  [Ref. 23], F rom  the excellent statistics
-f-
in this ex p er im en t a n\imber o f featu res concerning tt it  scattering can 
be o b se rv e d  c le a r ly .
(a) the p re s e n ce  o f  th e^ (7 7 0 ) ,  f (1260) and g(l700) m esons with spins 
1, 2 and 3 r e s p e c t iv e ly . To estab lish  spin 3 fo r  the g requ ires the 
additional know ledge that L = 7 and higher m om ents are sm all near 1700 
M e V /c^ .
1 3 's.(b) a la rg e  < Y  ^  m om en t in the rho region . F rom  sm all <CY
and <  m om en ts in this reg ion  it is  evident that spin 2 waves are
unim portant. The la rg e  <CY^J)* m om ent th erefore  com es from  an S wave 
in terferin g  with the P  wave rho m eson ;
(c) sharp stru ctu re  in "^ Y  ^ near M -rrTr = 1 G e V /c  . This has been
The corrected urmormalized t channel 
F i g  5 , 2  n'-oments, K < Yj >, as a fimction of 
‘ TT+n~ mass for  the interval 0 < - t  < 
< 0 . 1 5  GeV^, taken from Ref.  3 ^ .  A 
facto r  o f  2 should be included in the 
0 moments shown in Ref - 2 2 .
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the sub ject o f m uch  study in re cen t y ea rs . The reader is  re fe rred  to 
explanations o f this e ffe c t  in term s of "O d orico  Z e ro e s "  [Ref. 24] or , 
m ore  re ce n tly , the e x is ten ce  o f a narrov/ reson an ce, the s "  [Ref. 25].
(d) • la rg e  ^  m om en ts throughout the entire Tn r spectrum .
F rom  th ese  w e o b s e r v e  the n on -n eg lig ib le  p resen ce  of h elicity  one rr it  
produ ction .
F ro m  th ese  experim en ta lly  determ ined m om ents we see that the 
data can not be a ssu m ed  to be pure tt exchange. In particu lar, the 
s izea b le  m om en ts o f F ig . 5 .2 , point to other exchange
m ech a n ism s b e in g  p resen t. T h ese include exchange or absorptive 
c o r r e c t io n s  both  o f which req u ire  d ifferent am plitudes being added to 
equations 1 (a) to (e ) . In p a rticu la r , fa cto rs  which include the dependence 
of the am plitu des on nucleon  spin would alm ost certainly be required .
T o  a llow  fo r  these other exchanges, we p erform  an amplitude 
an a lysis  through the rho reg ion  as a function of [t j . Although an 
assum ption  is  inh erent in this am plitude analysis, the p rocedure is  as 
near m od e l-in d ep en d en t as is  p o ss ib le  at this stage.
5. 3. E xp erim en ta l D escr ip tion  of the D ecay Angular Distribution 
-  the J a cob  and W ick N otation.
A system  containing states o f severa l d ifferent sp in -parities can be 
d escrib ed  by a com potind density  m a trix  in every  way analogous to the
sim ple density  m a tr ix  o f unique sp in -p arity . The density m atrix  is 
L l'
r r
written w h ere  the elem ents with L L and p T"-'p
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d escr ib e  in te r fe re n ce  betw een production  of the states |l  and
I / / \   ^  ^ .]L M- /  , and the d iagonal elem ent / '^ P  ^ probability
fo r  p rodu ction  o f the state j L . The usual properties of herm iticity ,
p ositiv ity  and the con stra in ts  of parity  conservation  still apply.
The angular d istribu tion  of the decay of the m ixed system  into 
two z e ro  spin p a r t ic le s  is  given b y ;-
r r '
We m a y  a lso  expand the decay angular distribution as a series  of
sp h e r ica l h a r m o n ic s :-
V/ C & , 4>) = < y >  Y r  C & J )
L r
w h ere  the m axim u m  value o f L in this expansion equals tw icefh e  
m axim u m  angular m om entum , p article  system .
A s p a r ity  is  con serv ed  in the decay, only the rea l parts of the 
u lY
<1 Y and the /^}'‘J^ ’ ^^.ctors enter into the angular distribution . By
UlJ
w ritin g  ^ ^ w e  shall in fer always the rea l part.
C on s id er  now  a th ird  expansion of the decay angular distribution, 
in  J acob  and W ick  n otoa tion :-
\ J ( 6 J )  -
L r
where we now in clu de a p o ss ib le  dependence on the final and initial nucleon 
h elicity  states K and . (N ote, a p r io r i we are saying nothing about 
this dependence)
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V/(6,® ) =
\
Ay L T
v ; ( e »
L
The H a re  the Spin Dependent C oefficien ts of the decay •X X
angular d is tr ib u tion  and are the am plitudes of Amplitude A nalysis.
We note th eir p arity  re s tr ic t io n s :
L - r
- X  - X '
X X '
and the con v en ien ce  o f com bining them into
L- r  i  i  (  H X V +  ^ ’
L - / '
A A' ' '
X  X^
w h ere , as s —> , L  p + and L p -
X X '  X X '
d e s c r ib e  the p rod u ction  o f a -n-n- system  of spin L , helicity  m odulus p 
by natural and unnatural p arity  exchange resp ective ly .
We see  that we have three p ara lle l descrip tions of the decay angular 
d istr ib u tion . The sp h er ica l h arm onic m om ent descrip tion  and the density 
m a tr ix  d e scr ip t io n  a re , in fa ct , equivalent, and each m om ent m ay be 
expanded as a lin ear s\im of density  m atrix  elem ents. The spherica l 
harm on ic m om en ts are  a lso  the quantities which are d irectly  observable 
in the data.
L r
The am plitudes are , how ever, not lin early  related  to
the sp h erica l h a rm on ic  m om en ts , and m ust be solved  for  by a set of 
sim ultaneous equations, s im ila r  to equations 1 (a) to (e). The amplitudes 
are the quantities in w hich we are interested , and which v.'e believe contain
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the best p h y s ica l d e scr ip t io n  o f the production p ro ce s s . It is the purpose 
of further se c t io n s  to d eterm in e  these am plitudes.
5 .4 . A m plitude A n a ly s is  in the Rho R egion .
The A m plitude A n a lysis  d escrib ed  in this section fo llow s that of 
E stabrook s and M artin  [R ef. 26].
In the fo llo w in g  an a lysis  we shall w ork in the s-channel (i. e, 
H e lic ity  F r a m e ) . The o b serv a b les  in the one fram e can be obtained in 
the other by the tra n sform a tion .
< y ; > ‘  -  (
r
and w h ere  the c r o s s in g  angle'co* in the high s, low  t lim it is  given by
c o s  CO S o  A  CO ^
nlrtr -  t n-fr-rr
If we w ish  to iso la te  the One P ion Exchange part of the reaction 
then we o b v io u s ly  req u ire  the am plitudes equivalent to the S^, P^. . . of 
equations 1(a) to (e ), extrapolated  to the pion p ole . Now this analysis can 
be done equ ally  w e ll with either s or t -  channel m om ents. H owever, it 
is  rea son a b le  to a ssu m e that any (s-ch an n el) absorption effects w ill be 
sm oother and s im p ler  in the s-ch an n el itse lf rather than in the crossed  
system  w here the e ffe ct  o f c ro s s in g  could com plicate the absorption effects 
even m o re . It m ust be rem em b ered  that absorption is still only a little 
understood  e ffe c t .
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It is  a ssu m ed  that rea ction  (1) takes p lace with the exchange of a 
virtual p a r tic le  as d e s c r ib e d  in F ig . 5,1 fo r  virtual tt exchange. There 
are three sets  o f quantum nu m bers which can be carried  by this exchanged
p a rtic le , co rre sp o n d in g  to the i t  ( = 0 ), ( l ' )  and (2^) m esons.
B y co n s id e r in g  P a rity  con servation  and G -P a rity  conservation  
at the t -ch a n n e l n u cleon  and m eson  v e rt ice s , we can m ake the follow ing 
ob serv a tion s  about the exchanged p a r t ic le :-
(a) TT exch an ge con tribu tes on ly  to t-channel nucleon h elicity  non -flip , 
and th e re fo re  con tribu tes  m o stly  to s-channel nucleon helicity  flip . The 
s -ch a n n e l f lip  is  not tota l ow ing to the fin ite cross in g  angle between the
t and the s -ch a n n e l.
(b) exchange con tribu tes only to t-channel nucleon h elicity  flip  and 
th e re fo re  m o s t ly  to s -ch an n el h e lic ity  n on -flip .
(c ) A_ exchange contribu tes both to flip  and non -flip  am plitudes.c*
(d) A^ (natural p arity ) exchange contributes only to dipion helicity
“4"— 1 sta tes .
(e) A^ exchange cannot coup le to S wave (J^ = 0 ) dipion production.
We m ake in this an a lysis  the assum ption that there is  no exchange 
with the quantum nu m bers of the A^. This is the only input m odel dependence, 
and is  n e c e s s a r y  i f  the num ber o f paraumeters in the analysis is  to rem ain 
equal to six , the ntamber of ob serv ed  density m atrix  elem ent com binations. 
O therw ise we have eight p aram eters  in our set o f equations; nam ely the 
eight am plitudes co m p ris in g  the three h elicity  states for  spin 1 dipion 
production and the one h e lic ity  state fo r  spin 0 dipion production,
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all fo r  spin flip  and spin n o n -flip  of the reaction  nucleon h elicity .
With a p o la r ise d  ta rg e t in the i t  p —->it tt n channel, the amount of 
exchange can b e  m e a su re d  fro m  the s ize  o f the tt -  in terferen ce  term  
in the unnatural p a r ity  exchange polarisation  data. A start has been 
m ade by S on d ereg g er and Bonam y who reported  at the Lund C onference, 
1969 [R ef. 27] in the re a ctio n .
P (T) o o ir IT n
a co n s id e ra b le  ass^nnm etry indicative of A^  ^ exchange. H ow ever, as yet 
no re lia b le  izrform ation has been obtained fo r  the reaction
TT TT n^ p ( ) ) -
It is  to be hoped  that such an experim ent could be m ade in the near future. 
Q u an titatively , the assum ption of no A^  ^ exchange allow s us 1;o
w rite H
o o  
•+ •+ -  H
o  o
H
1 O I O
= o
and h : ' .  -  h ! ' . ^ o from  the A,
term  |_ | „  and the P a rity  condition.
+ -t
It is  now  p o s s ib le  to w rite  a set o f equations fo r  the rem aining
, , L r- /  ^ .
am plitudes H  in a s im ila r  way to equations 1 (a) to (e ). This
set o f equations is  shown below :-
a o l O '
d~ n . n.
lA
n -
II II
~ /^ i; ) a  “ h ,
I I
C? M
C |r i* r jn_,r)
- In. J
2(a)
2(b)
2(c)
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II O' 1 1 . I1l l o -  -  Q ' ' 2(d)
^  I® 
/ ^ o o <T M o 11,1 c-os ^ 2(e)
lo a '
_  j _  — 7'-->
aJ ^
| i i - i M s! 2(f)
The fo llow in g  change of notation has been m ade to sim plify 
further d is c u s s io n :-
! 1 1 o 
“ f-l i-- Ms -h —
h_ H '
r ' 4- J- w;'
5"> lo j = arj n
II
r — a r- tj ' I o
When the c e n t r e -o f -m a s s -e n e r g y  ( )  tends to infinity, M - and M +
are  the j|j.j =1 unnatural and natural parity exchange amplitudes
r e s p e c t iv e ly . It should be noted that the natural parity exchange axnpli
2tude on ly  o c c u r s  in the fo rm  |M + | , It fo llow s that it is only the
phases betw een unnatural p arity  exchanges which are in fact m easurable.
E quations 2(a) to (f) d e s cr ib e  the system  of 6 equations vhth 6 
unknown quantities. The system  is not a linear one and has to be solved 
n u m erica lly . Owing to the fo rm  of the data there are two possib le  
solutions apart fro m  tr ig on om etr ic  arrbiguities. B ecause the angles 
cannot be foxind to within a sign , the angle 0 /o  was determ ined assuming 
sin was p os it iv e . The values to be shown for Cv’c o  correspond to
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this ch o ice . In addition , a sm a ll n on -flip  factor fo r  helicity  zero
production was included  
L o
H r
L O
r  — V
where t = is  the fo rw a rd  d irection  and t^  = t - t, This arisesMliN MIN
because the n o n -flip  t -  channel it  exchange behaviour does not cross  
com p lete ly  into tota l s -ch a n n e l flip  behaviour if the cross in g  angle is 
fin ite . It is  im p ortan t to r e a lis e  that the sm all com es from  it  exchange
and c r o s s in g  and not exchange which we have d iscarded . The
m agnitude of th is e ffe ct  m ay be seen in Appendix 3. This non -flip
contribu tion  is  u su a lly  n eg lected  but fo r  very  sm all it| can be appreciable,
even at 17 G e V /c .  As the 4 G e V /c  data is presented for  about t = -0 .0 2  
2
(G e V /c )  onw ards on ly , and as t the rho region  is about -  0,005
2
(G e V /c )  , th is c o r r e c t io n  fa c to r  is  v ery  sm all. H ow ever, to take account
o f this con tribu tion  we have m ultip lied M and Mo s in equations 2(a)
I ^2(b) and 2 (e ), by  *J 1 + r b e fo re  solving the set of equations. The num erical 
solu tion  o f th ese  equations is  d escr ib ed  in Appendix 2.
It is  im portan t to r e a lis e  that a ll the available inform ation on ^  
p rod u ction  is  contained  within the five  density m atrix  elem ents and the 
d ifferen tia l c r o s s  section , and that this analysis does not per se add 
anything new . H ow ever, it does rearran ge the data into a fo rm  which is 
both e a s ie r  to com p a re  with th eoretica l m odels and which shows m ore 
c lea r ly  the strength o f each production  p ro ce s s .
5. 5. E xp erim en ta l Data and A n a lysis .
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The data u sed  in this analysis contained 5279 events corresponding 
to the rea ction
+ _. oIT n p
using the m a ss  in terv a l.
0. 68 <  M TTIT <C 0 .88  G eV /c^
The d e ca y  angular d istribution  in the s-channel fram e fo r  events 
in the ^  re g io n , and the m om entum  transfer distribution in production are 
shown in F ig s ,  5. 3. (a) and (b) . Analysiiag the decay angular distribution 
in te rm s  o f sp h e r ica l h a rm on ic m om ents.
\ j  ( e j )  -  (
L T
we find  that m om en ts with 2 can be neglected  in the m ass region .
The sp h e r ica l h arm on ic coe ffic ien ts  .< Y ^ ^ fo r  2 are shown 
as a fu n ction  of m om entum  tran sfer in Tables 5.1 (a) (in the s-channel 
h e lic ity  fra m e ) and (b) (in the t-channel h elicity  fram e). The sam e data 
is  p resen ted  g ra p h ica lly  in F ig s . 5 .4 . (a) (s-ch an nel) and (b) (t-channel), 
w here can be  seen  the varia tion  with m omentum  transfer of the six 
independent com bin ation s o f the density m atrix  elem ents fo r  a m ixed 
J = 0, 1 sy stem , w hich can be determ ined  from  the coe ffic ien ts .
At low  m om entum  tra n s fe r , j 11 , there is in som e cases an
am biguity in the ch o ice  o f rea ction  proton, if both final state protons have 
low  m om entum . V7e have found that there is a negligible change in the 
magnitude o f the m om en ts fo r  each choice  of proton. Despite this, the
TT d  — p p  p '
( b )
10^
10
10'
1
_ J - __ J
0 0.1 0 . ^  0.52
0.5  0.7 0.8  0.90.2  0.3
- t  ( G e V / c ) '
Fig. 5. 3. Differential C ross Section f o r ^ c  production in Events /  (GeV/c)'
Table 5.1
S p h erica l h a rm on ic  co e ffic ie n ts  ^  ^  decay
as a function  of m om entum  tra n s fe r .
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y :
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exclusion  p r in c ip le  cou ld  s t ill a ffect both the production angular
I I ^t j 0. 03 (G eV /c )
(i. e. in the f i r s t  two t b ins o f Table 5.1) and the resu lts within this 
region  should be co n s id e re d  v/ith ca re .
C on s id e ra b le  s tru ctu re  can be seen in the t-dependence o f the 
density m a tr ix  e lem en ts in F ig . 5 .4 . In p articu lar, it m ay be seen that
' ’ ' / I I  2/^\~\ is  n ega tive  (in the s -ch an n el) in the range 0 . 1 - ^  jt| ^ 0 . 5 (G eV /c ) ,
a point to w h ich  w e sh a ll return  la ter , and a lso  that has a zero , both
2in the s and t -  ch an nels, at t - 0 .6  (G e V /c ) . Gutay et al [Ref, 28]
have shown that th is z e ro  is  ob serv ed  in production  over a very  wide
range o f en erg y , and can be  d escr ib e d  by an absorption  m odel approach,
\0 10
Gutay show s that s -ch a n n e l and can a lso be expected  to be
2
zero  at t ^  -0 . 6 (G e V /c )  .
F o r  each  in te rv a l in t, the polynom ial in was solved  as 
d escr ib e d  in A ppendix  2. T h is lead s, in general, to two v ery  sim ilar 
solutions fo r  The two solu tion s fo r  the set of equations are ca lled
Solutions 1 and 2, the solu tion  with the slightly  higher value o f M being
called  Solution  1. F ig s .  5. 5, and 5. 6 show the d istributions of M
M - and M + in the s -ch a n n e l fra m e fo r  Solutions 1 and 2, The
2distributions a re  seen  to be v e r y  s im ila r  in the two ca ses , with j M 
alone show ing a som ew hat d iffe ren t jt [  dependence towards t = 0,
2It can be seen  that M is. dominant at low er jtj , as expected
in One P ion  E xchange m o d e ls . At h igher t the dominant contributions
are from  M_^  and M  but, in con trast to the C .E .R .N  - Munich experim ent
Events / ( Ge V/c)'
10
SOLUTION 1
-
dt
1m ,
10
10
s
4
II
1 0 '
d
dt
M .
10
10
10
d
dt
M
1 0 '
■v"»- T
xL^ ^ T . -r
x;^
l1 \ tTx T
t'- i  i
I  r f T
t
T
!
T
j ____ t____ I-------i-------1------ J--
ik
°^0“ l  -2 3 .A .5 .6 .7 -8
- t  (6eV/c)^
*' ■' b4 ♦ '*>✓
Events /(GeV/c)
10
SOLUTION 2
K -r
d
dt
M ,
10
10
>5:
5i
10
d  a 
-  M _
dt
10
X
10
d
dt
M
10-1
2
10
10
3  ^  T
 ^ i  ^
-II
x | 4 J ’
X
1
X
I I I
I
TX
1
T
J_______L
X
I
I
TX
X
‘____ I__-----------U
0 •1 .2 -3 ■/. '5 
-tlGeV/c)'
.6 .7 .a
Fig, 5.6
-  64 -
resu lts, our M  is  la r g e r  than over m ost of the jt range 0.1 to 0, 6
(G eV /c) , T h is re su lt  depends only on the sign of f^\-\ >  ^ m atrix
elem ent w hich can. b e  d eterm in ed  d ire ct ly  fro m  the m om en ts. We
I I
com pare our value o f />|_i with data at 17.2 G e V /c  [R efs. 26] and
I I
7 G eV / c [R ef. 29 ] in F ig . 5. 7. T h ere  is  c lea r ly  a tendency fo r  _j
to be p o s it iv e  o v e r  a la r g e r  range o f |t at higher energy. This behaviour
should be exp ected  fr o m  a s im p le  R egge view point, if  we assum e that 
2
m ost o f M   ^ co m e s  fr o m  A exchange. Their the re la tive  amounts of+
2M to+
! 2M j ( and in d ire c tlyo *) w ill in crea se  with s . The
variation  of /'^i-i this so rt  o f behaviour. It w'ould appear probable
th ere fore  that so m e  exchange is  p resen t,
2F ig .  5 ,8 .  show s the varia tion  up to |t| = 0. 3 (G e V /c ) of the
II
10
lo
wave
other s -ch a n n e l p a ra m e te rs  o f E stabrook s and M artin : cos ^
(the phase angle betw een M and M ^), G o o  (the re la tive  S -  P
phase in the h e lic ity  z e ro  state), and ^  = M /  Im  . The
d iffe re n ce s  betw een  Solu tions 1 and 2 are m o re  evident in these param eters 
than in those shown in F ig s ,  5, 5. and 5. 6, Q ualitatively, the d ifferen ces 
corresp on d  to th ose  betw'een the "dow n -u p ” and "up-dow n" solutions 
[Ref. 30] o b se rv e d  in -irTr phase shift an a lyses. In p articu lar. Solution 1
y
has a sm a lle r  va lu e  o f 0^ and a phase d ifferen ce  oo c lo s e r  to zero 
than does Solution  2 . The lo w e r  would be expected in com paring the 
integration o f the 1 = 0  s -w a v e  phase shift a c ro s s  the m ass band for
the "dow n -u p ” and "u p -d ow n " solu tion s.
A nother d iffe re n ce  betw een Solutions 1 and 2 can be seen in the
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fi
behaviour of co s  0|D w hich , fo r  solution. 2, is consistent with being
.10
constant at 1. 0, A s tlie con sequ en ce , the sign of cannot be unam big­
uously d e term in ed  fr o m  our system  of equations. T h ere fore  the modulus 
of has been  p lotted  fo r  Solution 2.
5. 6. C on c lu s ion s  o f A m plitude A n a lysis ,
H aving d ec id ed  to n e g le ct  the p o ss ib ility  of A^  ^ exchange, it is 
in terestin g  to co n s id e r  w h ere  the s izea b le  M contribution com es from .
and o b v io u s ly  com e  fro m  pion exchange itse lf, and the pure A^ 
exchange am plitude w ill contribu te to M_ ,^ The only sou rce  of M th erefore  
(and extra  M_ )^ is  the e ffe c t  o f absorption  on these "p u re" exchanges.
T h is  can be tested  by  m aking a com p arison  of the resu lts  o f this 
analysis with the p re d ic t io n s  o f an absorption  m odel. We shall use the 
sim ple p a ra m e te r isa t io n  due to W illiam s [R ef. 32] which d e scr ib e s  absorbed 
IT exchange and in c lu d es  no contribu tion  from  A . exchange . We shall con - 
sider Solution  2 va lu es m o s t ly  as they are n earest to the fo rm  suggested 
by the m o d e l.
F ir s t ly ,  a co m p a r iso n  has been m ade o f the Solution 2 behaviour 
of M with the fo r m  exp ected  in the W illiam s m o d e l:-
M ■ 0  (t)
2t -  p
, Bt /  2
where ^  (t) is  an expon entia l co llim atin g  fa cto r  of the form  e . Note
2
that as t ap p roa ch es  -  \i we should expect a zero  in this am plibide, or at
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least a dip, and ou r Solution  2 resu lts  fo r  i Af | indeed have this
‘ II
behaviour. In addition , we o b se rv e  in our Solution 2 values of cos ^  lo
a constant va lue o f 1. 0. T h is is  con sisten t with the W illiam s form ula  for
M shown a b o v e . Wo should  expect, i f  our data could go even low er, in 
II  2 n  "[tl , a c r o s s - o v e r  z e r o  at t = p when cos C? would flip  to -1 ,0 . 
This has been o b s e rv e d  at 17.2,. G e V /c ,
F u r th e r , w e have ex tra cted  from  the data the values o f M
which co r r e s p o n d  to s im p le  spin 1 dipion production  by One Pion Exchange.
I 1 2A good fit  tojM ^i of a W illiam s m od e l-ty p e  am plitude.
M ! 2 (t -  t) Bt '■ MIN ' e
/ 2,2(t -  p )
is obtained in  the reg ion  j t| ^  0 .3  (G eV / c)^ with a slope B = (7, 2 — 0, 6) 
-2
(G e V /c ) . T h is  is  c lo s e  to the ’'t y p ic a l” One Pion Exchange slope of 
-2
8 (G e V /c )  and im p lie s  that the One P ion  Exchange part of the reaction  
is obta in able .
The Solu tion  2 m agnitude o f M and its phase ( ^  lo )
and the m agnitude o f  M can th e re fo re  be seen to be d escrib ed  w ell, ato
least qu a lita tive ly , by the W illiam s form u lae . Quantitatively, how ever, 
we find it v e r y  d ifficu lt  to d e s c r ib e  the data with the W illiam s m odel alone.
M
The m a in  quantitative p red iction s  of the m od el are, f ir s t ly , that 
2 has the fo r m  a lread y  com m ented  upon, and, secondly , that in
2the h e lic ity  one state the natural p arity  exchange com ponent M 4*
exceeds the unnatural p a r ity  exchange com ponent M ”. This m ay be
checked by com p a rin g  equations 13 (b) and 13(c) in Appendix 3. This is
- G i ­
ll
contrary to the data as it im p lie s  a non -negative \ -  I *
In o rd e r  to ch eck  the data m o re  fu lly  we elim inated the arbitrary  
param eter (t) by  com p ai’ ing ra tios  of the ob served  am plitudes with 
the p red iction s  o f the m o d e l. The com p arison  is show n in F ig . 5 .9  
using Solution 1 va lu es (the con clu sion s of this com parison  do not change 
for  Solution 2. )
Our data do not a gree  wdth the p red iction s of the m odel. Quantities
( M / M
quantities ( j M i /
) tend to lie  below  the pred icted  curve, while
! .2M ) are  in reason able  agreem ent fo r  0-1
(G e V /c ) but e x ce e d  the p red iction s  at higher tj . R atios
( |M^| M ‘)l{ M
I 2,M ) lie  below  the p red iction s.
In sp ite  o f the qualitative agreem ent between Solution 2 values of 
M and C> JO with the p red iction s  of the m odel, it can be seen that the 
m agnitudes o f each  am plitude are  not as expected . It is  obvious that 
other e ffe c ts  ( fo r  exam p le , exchange out o f phase with the absorbed 
pion M ) a re  n e c e s s a r y  fo r  th ere  to be agreem ent with the data.
T h eS  olu tion  1 set o f resu lts  are seen to be som ewhat d ifferent. We 
I I  2observe  fo r  jtl 0*1 (G e V /c )  values fo r  cos  ^ lo  which depart 
strongly fr o m  + 1. 0 and w hich a re  v e ry  d ifferent to the W illiam s predictions 
If Solution 1 is  to be c o n s id e re d  the c o r r e c t  set, then we see that the Phase 
C oherence h yp oth esis  ( i . e. c o s  ^ i c  = + 1. 0) m ade in m any early  phase 
shift an a lyses [R ef. 31] is  in c o r r e c t . This departure from  + 1. 0 m ay be 
d escribed  in the "S tron g  Cut M od e l" o f K im el and Reya [ R ef. 33] where a
1 r
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sizeable backgrou nd  com in g  fro m  other production p ro ce sse s  is added 
to the W illiam s type M am plitude with a phase of Tr/2 relative to M .
10 ,i
The phase o f ir/2 is  n e c e s s a r y  so that the ze roes  in /^ iq p
2
t = -  p. (o b se rv e d  in 17.2 G e V /c  data) are not destroyed . The background
M 2 2at t = -p  (also seenalso explain s the dip ra th er than a zero  in 
at 17. 2 G cV  / c ) .  It is  obv iou s that any s im ilar strong cut m odel can 
rep rod u ce  the d epartu re  fr o m  Phase C oh eren ce . K im el and Reya state 
that the data has to be d e scr ib e d  by a m ore  com plicated  m odel of the strong 
cut type. F o r  jt j ^  0. 2 (G ev /c )^  they a ssert  that the data is  indicative of 
s izeab le  exchange w hereas at low er jtj (at least from  the Solution
1 point of v iew ) a stron g  cut approach  is  n ecessa ry  without any large 
con tribu tion . The Solution 1 set o f values could support this view . Apart 
from  this m o d e l it should be noted that a m oderate A  ^ contribution would 
a lso d isru p t P h ase  C oh eren ce .
T o  sxam m arise, we have two sets of solutions, each o f which m ay 
be d e scr ib e d  to som e extent fro m  the absorption  m odel approach. Solution
2 is  seen to be the s im p ler  o f  the two and to be in agreem ent with older 
ideas o f P h a se  C oh eren ce  and the sim ple absorption m odel.
T o m ake a defin ite  ch o ice  between Solutions 1 and 2, it is  n ecessary  
to in trod u ce  m o r e  data. The P  wave and S wave parts of the reaction  can 
be extrapolated  to the pion  p o le  and the p ion -p ion  phase shifts extracted.
The S wave phase sh ifts then give definite p red ictions on the shape of 
the TT^  TT^ m a ss  sp ectru m  obtained in the reaction .
,  o oTT p — y TT 7r n
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E stabrooks and M artin  [ R e f 34] have .com pared  their resu lts with one 
o oir TT m a ss  sp ectru m  and have chosen  the set correspon din g  to this 
experim en t's  Solution  2 as being the p h ysica l solution . H ow ever, this 
rem ains to be co n firm e d .
5 .7 . A pp lication  to P h ase  Shift A nalysis in the Rho R egion .
The usual way o f d e scr ib in g  re a l p a rtic le  tw o-body scattering is 
by m eans o f a phase sh ift an a lysis  as a function of the tw o-body centre of 
m ass en ergy . In the ca se  o f rea ction  (l), one of the initial p artic les is a 
virtual (o f f -s h e ll)  p a r tic le  with se v e ra l other production p ro ce sse s  
occu rin g  s im u ltan eou sly . C onsequently  som e analysis is n ecessa ry  before  
the tw o-b od y  sca tterin g  part of the rea ction  am plitade m ay be extracted. 
Once such am plitudes are  obtained , phase shifts can be used to provide 
a d escr ip tion  o f the sca tterin g  p r o c e s s .  In this way it is p oss ib le  to use 
one exp erim en t o f fixed  beam  m om entum  to provide inform ation  on rea l 
partic le  p ion -p ion  sca tterin g  a c r o s s  a large energy range.
The am plitude an a lysis  d e scr ib e d  b e fore  m ay be repeated in
2
intervals o f, say, 2 0 M e V /c  in -mr e ffective  m ass a cross  the rho region . 
F or each m a ss  in terva l we m ay obtain, if  the overa ll norm alisation  is 
known, the o n -s h e ll  mr phase shift from  a fit to of the form
M = A o
6 /  - t )
V r . (-< i- S',where f = sin e
b(t -  IX ) j j ,
by obtaining the value o f at the pion p o le . The ratio ^ - M /  MS' ' o
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A ""can be obtained  o n -s h e ll  (it is  a lm ost constant in t anyway), and ^  oo  
the re la tive  S -P  p h ase , can be obtained on -sh e ll a lso . Both of these m ay 
be obtained by a s im p le  ex tra p o la tion  m ethod.
Then we have
i e
10
00
2 , 1 = 0
3 ‘ s .  I  *
A ’
as outlined in S ection  5 .1 . fro m  which the I = 0 S wave phase shift can 
be obtained, i f  the I = 2 S w ave phase shift can be assum ed from  analysis 
of other ch an n els .
U n fortu n ately , ow ing to in su fficien t statistics we have not made 
this fo r m  o f phase sh ift  an a lysis  . Evaluation of the phase shifts by a 
cru der m eth od  is  d e s c r ib e d  in the fo llow in g  section .
5 .8 . TT-rr P h a se  Shifts fo r  M below  1 G e V /c  .Trir
The two t-ch a n n e l h e lic ity  zero  sp h erica l harm onic m om ents
which a re  n o n -z e r o  in the rho reg ion  are < Y  and Theseo o
indicate the p re s e n c e  o f s tron g ly  in terferin g  spin 1 and spin 0 states
as shown by  equation 1 (b) in Section  5 .1 . The spin 1 part of the scattering
am plitude can be a ssu m ed  to be the rho itse lf , while the isosp in  zero S
wave phase sh ift can b e  d eterm in ed  from  the <C Y in terferen ce  term ,
^  o ^
if the isosp in  2 S w ave phase shift is assum ed.
2
The value o f 1 G e V /c  as the lim it of validity m ay be defended
-j- — 4- -{- 4- « -
for various re a s o n s . The channels v  n —^ p K K and it  n — >p it  it  tt it
-  7 1 -
can be seen  to  have a n eg lig ib le  c r o s s  section  below  1 G e V /c^  (se e
Chapter 6), and it  is  rea son a b le  to assirm e that other (m ostly  neutral)
final states o f this kind a lso  have a n eg lig ib le  c r o s s  section  in this
region . T h is  a llow s  us to w r ite  a ll phase shifts with e la stic ity  1. A bove 
2
1 G eV / c spin  2 w aves b e co m e  of in crea s in g  im portance and the e lasticity
— 2
assum ption b e c o m e s  in c o r r e c t .  A lso  at the K K threshold  (0 .98  G e V /c  ) 
the sp h e r ica l h a rm on ic  m om en ts depart fro m  the sm ooth variation  they 
p ossess  throughout the rho reg ion  [F ig , 5 ,2 ]  indicating som e very  d ifferent 
background b e h a v iou r ,-
We expand the ex p re ss io n  fo r  the d ecay  angular distribution from  
the three spin states o fp u re O n e  P ion Exchange:^-
d cS
d c o s  Q
2 2 = \  [A j^ + cos  ® + C cos  & ]
. 2 ..2where A, = 4  sin^ ^  + 1 sin + 4 cos  ( 1° -   ^ ) sin C sin C
1 —  < 5 q —  ' O q O o  ° o  0
B  ^ = -4  c o s  ( 1°^ -  sin sin  j  + 2 cos  (^ ^  -  sin ^ ^ sinS^
2 A= 9 sin
Xwhere S i_ denotes a phase shift o f spin L, isosp in  I..
[ F o r  TT ^ ir° s ca tte r in g  in the channel tr p n n p we have a sim ilar 
exp ress ion  with
2 r  2 _  , , r -Z  r 2 . . .  c l
+ o
A j = sm = 6 COM S
+ oThere is  n atu ra lly  no is o s p in  0 com ponent in the ir tt state. We shall 
use these tr ig o n o m e tr ic  fu n ction s].
We m ay now  state the fo llow in g  id e n tit ie s :-
-  72 -
tan Si S c. r\ So  ^ 2  s  j - ; )
(3)
allowing us to w r ite
tan = s in ^  ^  / { 3  a N /D  -  2 sin^ So )
where N = ( C + 3 A ) /C ,  and D = 3 B , /  (3B -  B )i i  1 1 1  2 '
and 'a* is  the a s s y m m e tr y  p aram eter  in the decay angular distribution.
defined a s : -
a = F o r w a r d  -  B ack w ard 
F o r w a r d  + B ackw ard
B.
2A^ + 2C^
= F  r
I o 
o o
We a re  now  a b le  to obtain the iso  spin zei’o S wave phase shift, using the 
very  sm a ll t dependence o f the an ieotropy *a* [Ref 35], The m ethod consist 
of obtaining the S -w ave phase shift by extrapolating <^Y^^to the pion 
pole, and obtain ing the o n -s h e ll  an isotrop y  'a ' with which equation (3)
r *m ay be so lv e d  n u m e r ica lly  fo r  . We note that the validity o f this
p roced u re  has been the su b ject o f som e d iscu ssion  in the literature [Ref.
26, 35, 36].
It is  d iff icu lt  to know w hich  quantity (or  com binations o f quantities) 
can be ex trap ola ted  re lia b ly  through the p h ysica l region  to the pion pole. 
Martin and E sta b rook s  [R ef. 26] s tre ss  that » j^ s I  ^^ o^^
a re  the quantities w hich  should be extrapolated rather than the 
experim entally  d e term in ed  sp h e r ica l h arm on ic m om en ts. In this analysis 
we assum e that <  >  is  capab le  o f being extrapolated to the pion
73
pole and that the e ffe c ts  o f absorp tion  on the extrapolated value are 
sm all. C erta in ly , if  s -ch a n n e l 'a ' was used, we m ay expect absorption 
to d istort the sm ooth  varia tion  of 'c '  with t in the vicin ity  of t = 0. 
[C om parison  m ay be m ade with the W illiam s m odel [Ref. 32 ]]. However, 
even in the s -ch a n n e l, it is  reason ab le  to assum e that the absorption 
effect is  n a rrow  about t = 0 enabling an extrapolation to be m ade through 
it [see F ig , 11 o f R e f . 36(K ane). ] W illiam s con siders the on -sh e ll anisotropy 
determ ined in the s -ch a n n e l to be within 20% of the true on -sh e ll value; 
a deviation  com p a ra b le  with the sta tistica l e r ro r  in this experim ent.
In our t-ch a n n e l data we ob serv e  a v e ry  sm ooth variation  of the
m om en t in each  t t it  m a ss  bin in the reg ion  from  jt j = to 
= 12 p , The reg ion  |tj p" has been neglected  because of
p oss ib le  P a u li ex clu s ion  e f fe c ts . We have assum ed that absorption has 
a sm all e f fe c t  in these t-ch a n n el m om ents and that the value of the 
extrapolated  m om en t obtained in this way is  v ery  s im ilar to the true on- 
shell va lu e .
The phase sh ifts obtained in this experim ent are sim ilar to those 
of R e f. 35. C onsequently , any departure o f our phase shift resu lts from  
those o f E sta b rook s  and M artin  [Ref. 34, ] can probably  be ascribed  to 
in a ccu ra cies  in the assu m p tion s m ade h ere .
A  ty p ica l ex trapola tion  is  given in F ig . 5.10(a), showing the 
variation o f 'c '  with m om entum  tran sfer up to t j = 12 p . We have 
found a lin ear ex trapola tion  to be adequate. The on -sh e ll values of 'a* 
obtained in this w ay a re  shovoi in F ig , 5,10 (b).
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F ig. 5,10 A ssy m m e try  P aram eter 'a ' 
(a) at M TTTT = 0. 75 G e V /c ^ , v ersu s  |tj 
(b) ex trap ola ted  va lues v ersu s  M tttt
-  74 -
The phase shift was supplied by a re la tiv istic  B re it-
Wigner
tan S ' P-
-Mi -  )V ' I R If- J
2  ( V w f  r
[i M h iM ,
(i.
alm ost id en tica l to the fo rm  used  in Appendix 1 with M = 0. 765 GeV/ c‘K.
and I f;. = 0. 125 G e V /c ^ . T h ere  is  very  little  change in the 
shifts obtain ed  in this way if f''fi is varied  from  0.150 to 0.110 G eV / c 
The ph ase  shifts w ere  taken from  Baton et al [Ref. 37. ]
The resu ltin g  phase shifts a cro ss  the rho region  are shovai in 
F ig . 5.11. T h ere  a re , in gen era l, two ambiguous solutions for  each 
TTu m a ss  in te rv a l, fo rm in g  the DOWN-DOWN, UP-DOWN, DOWN-UP 
or U P -U P  b ra n ch es . We see  that the DOW N-UP solution would appear 
to be o f B re it -W ig n e r  shape leading to a narrow  100 MeV) m ass 
enhancem ent rem in is cen t o f a n arrow  S wave G m eson . H ow ever, we 
r e c a ll  that an ( UP o r  DOWN) -DOWN solution would be m ore  com patible 
with the fit  obtained  in A ppendix 1. where a m uch wider e ffect is required. 
T hese a ltern a tives  w ill be d iscu ssed  further.
It can be seen  that our solu tion s, obtained in this sim ple way, are
quite co m p a tib le  with the la rg e r  p h ase-sh ift analyses of this region
undertaken in the la st two y e a r s . Current opinion would favour a phase
shift r is in g  s low ly  through the rho region  reaching 90° at about 900 
2M eV /c  [the U P-D O W N  b ra n ch ] fo llow ed  by a sharp jum p to 270° at about 
2
1 G e V /c  . F o r  a su m m ary  of the status of irir scattering the reader is 
re fe rred  to the r sv ie v / by M organ [Ref. 30].
- 0
phase 
2
deg rees
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CThe va lues o f obtained in this experim ent can be com pared 
to the resu lts  o f v a r iou s  other phase shift analyses as shown in F ig .
5.12 (with a r e fe r e n c e  lis t  in Table 5. 2 .)  . A somewhat different method 
for obtaining the phase sh ifts has been used in each analysis. The results 
are seen to be qua lita tively  the sam e fo r  the UP-DOWN solutions (only 
the one fa vou red  U P-D O W N  solution of P rotopopescu  et al is  shovm) 
although quite la rg e  d isagreem en ts (^  15°) rem ain at certain  m asses .
2The U P resu lts  obtained in this experim ent around O.B G eV /c  
in iT-rr m a ss  a re  com patib le  with severa l phase shift analyses made b e fo re  
1971 [R ef. 30 ]. H ow ever, the UP solutions obtained recen tly  by Estabrooks 
and M artin  and G rayer et al in the C .E . R .N . -  Miinich experim ent are 
about 30° lo w e r . The UP solution  at higher -mr m ass would appear to 
be the vm physical solution anyway. It is  the purpose of the next reaction 
to ru le  out our v ery  la rg e  UP values, and the C .E .R .N . -Mvinich 
people have done the sam e.
A  com p a r ison  o f the E stabrooks and Martin. values has been
made to the shape found for the 7r°Tr° mass spectrum obtained in the reaction
- . o oTT p ---?■ TT TT n
fo r  which no P  wave (I = 1) can contribute. The ir°Tr° m ass spectrum  from
the experim en t by A pel et al [Ref. 38] can be seen to be alm ost perfectly
fitted by the E stabrook s and M artin Solution 1 [Ref. 34] (which corresponds
2 o oto Solution 2 in this experim en t) up to 1.0 G e V /c  in ir ir m a ss . Hov/ever, 
the recen t experim en t by Skuja et al [Ref. 39], while confirm ing the
E stabrooks and M artin  Solution 1 above the phase shift c ro s s -o v e r  point
2 2 of 0. 77 G e V /c  in t t v  m a ss  p re fe rs  below  0. 77 G e V /c  a set of DOWN
degrees
c®
F ig . 5.12 Interpolated Variation of Oq with
TT TT m as s fo r  three recen t phase shift analyses
Table 5 ,2 .  [See F ig . 5.12]
Sym bol
E M I 
B h X
I
i
R eferen ce
G rayer et al, P ro c , Philadelphia 
C onference A pril 1972.
S, D. P rotopopescu  et al,
B erkeley  Preprint, L B L -970  
Solutions 1 and 2, P . Estabrooks 
and A . D. Martin, CERN TH-1661.
X This experim ent
phase shifts even sm a lle r  than the E stabrooks and Martin Solution 2 
and m ore  lik e  the low  ttit m a ss  DOV/Nvalues from  this experim ent. 
Further data on this channel is  awaited with in terest.
5 .9 . Solution o f the U P-DO W N  Am biguity,
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The am bigu ity  betw een the phase shift alternatives can be partially 
solved in a crude way by con siderin g  the different contributions from  the 
various U P -D O W N  com binations to the number of events on the m ass plot.
Using the fitting  p rog ra m  d escrib ed  in Appendix 1. the ttit m ass and [ t |
/ , 2sp ectra  w ere  fitted  between 0. 560 and 0 .960 G e V /c  in mr m ass and less 
>2than 0. 3 (G e V /c )  in jt| , assum ing only spin 1 rho and spin 2 f 
con tribu tion s, and n orm a lis in g  to the number of events in the data. Not 
su rp ris in g ly , a bad fit  is  obtained.
U sing this n orm alisa tion , we can find the number of events which 
contribute to the m a ss  p lot fo r  each branch and the Baton values of 
This S w ave e ffe ct  can now be added to the previous spin 1 and 2 contributions 
and the fit  r e -n o r m a lis e d . We m ay now com pare two distributions
1. the r e -n o r m a lis e d  S w ave contribution alone
2, the experim en ta l data le s s  the re -n orm a lised  spin 1 and spin 2 
contributions ,
If the ch o ice  o f S wave shape has been a good one then the shape of these 
two d istributions w ill be v e ry  s im ila r . Such a subtraction should be 
valid as, the S wave contribu tion  is a lm ost unaffected by going o ff-sh e ll. 
H ow ever, as we a re  subtracting from  the data (with a type
-  77 -
e rror) a num ber com p a ra b le  in s ize , we m ay only com pare the general
shape o f the d is tr ib u tion s . The two distributions for each of the four 
C*"
branches o f the phase shifts are shown in F ig s . 5.13. (a) to (d). The 
two lin es on the p lots  are  not fits to the data, but serve to indicate the 
trend. The spread  in the subtraction  points at the high m ass end is a 
consequence of ir r e g u la r  behaviour o f the data (this m ay be com pared to 
the m ass p lot in F ig , A l. 1 (b) ).
F ro m  the sets o f d istributions, tv/o statements can be m ade. F irstly , 
the D O W N -U P solu tion  can be definitely excluded, there sim ply is not 
enough room  fo r  it on the m a ss  p lot. Secondly, the UP-DOWN solution 
would appear to be the m ost p re fe rre d  set in agreem ent with Martin and 
E sta b rook s . F o r  com p arison , we show in F ig . 5 .13.(e) the Morgan 
cind Shaw U P-D O W N  p red iction  from  d ispersion  relation calculations 
[R ef. 40 ].
V a r iou s  p o ss ib le  cau ses fo r  the d iscrepan cy  in the two UP-DOWN
❖
curves have been  in vestigated . N contam ination could qualitatively 
explain the d iffe re n ce , although its c ro s s  section  is m uch too low . S im ­
ila r ly , d iffe ren t p a ra m eters  fo r  the rho m eson  could im prove the 
d istributions s ligh tly . Inherent in this m ethod is  the assximption that 
at low  jt j , spin 1 and spin 0 have the sam e d ifferential c ro s s  section 
(which is  a reason a b le  deduction from  the amplitude analysis of a previous 
section ), and which m ay a lso  be not exactly  co rre c t . F ar m ore  likely an 
effect is a slight d is tortion  of the phase shifts by the assum ptions made 
in the extrapolation . T h is v/ould lead to a different S wave contribution 
and a change in the o v e ra ll norm aJisation and shape.
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T h ere  is  litt le  doubt, h ow ever, that the UP-DOWN solution
appears to be the m o st  favou red , if  not the only, possib ility  from  this
experim ent. This p re d ic ts  a phase shift gradually rising through
o 2the rho reg ion  to be about 90 at 900 M e V /c  , We note that this method
would not be v e r y  u s e fu l  in d isting’viishing between interm ediate sets of
phase shifts (such  as the C .E .R .N , -  Munich UP values) where the UP
phase shift is  som ew hat low er than that obtained in this experim ent. The
shapes o f the subtracted  m a ss  spectra  fo r  each set of '^ q would be very
s im ila r . The on ly  rem ain ing m ethod o f distinguishing between solutions
. , o oIS d ire c t  com p a r ison  with ir ir spectra .
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C H A PTE R  6
B ranch ing R atios of the f  M eson
6. 1. In trodu ction  .
In a fu ll in vestiga tion  of i t  -rr scattering it is n ecessa ry  to consider 
the ex isten ce  o f channels other than the e lastic  one. Unfortunately, not all 
the in e la stic  channels m ay be studied in this experim ent; in particular 
with reg a rd  to iso sp in  ze ro  S wave determ ination in the rho region , the 
reaction  i t  tt -— ^  t t °  tt°  is  unm easurable. H ow ever, p relim inary  to an 
analysis in vo lv in g  m o s t  o f the in elastic  channels produced by One Pion 
Exchange w hich  a re  availab le to us, we give below  a m easurem ent of the 
decay ra tes  o f two other f °  d ecay  m od es . The f°  naass region  shows a 
large enhancem ent in the i t  spectrum  with large, but not total, spin 
2 behaviour [R ef. 14. ]. In the other decay m odes we have observed  it is 
probab le  that spin 2 is  again the dominant spin; although this is difficult 
to estab lish  co n c lu s iv e ly  becau se  of the size  o f backgrounds, and we have 
p roceed ed  to m ea su re  the total e ffe ct .
6 .2 . P re v io u s  E xp erim en ts .
P re v io u s  estim ates [R ef. 3. ] o f the branching ratios 
[*^  (f —> IT TT TT IT ) /  f  ( f °  —  ^Tt"^  TT^ )
and P  ( f °  —  ^ K K ) /  P ( f °  —> TT t t )  are few  and are of l o w  statistics.
E xp erim en ts by A s c o li  et al [Ref, 41] and, m ore  recen tly , by 
Anderson et al [R ef. 42 ] a re  the only ones in which the decay of the f°  
to four charged  p ions has been c le a r ly  observed  and in which an estimate 
of the branching ra tio  P  ( f ° “--> t t”* t t ** tt tt )  / P  (f°—> t t **” ti- )
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has been p o s s ib le . A n d erson  estim ates the value of this branching ratio 
to be (5 .5  — 1. 0) X 10 . O ther experim ents have determ ined upper lim its.
The f K K branch ing ratio is  a difficu lt quantity to m easure 
because o f the p rox im ity  o f the m eson , also decaying into KK . As both 
m esons have the sam e J^{Z ) and have m a sses  d iffering by le ss  than the 
width o f e ith er o f them , p o ss ib le  in terferen ce  effects should be considered- 
in the KK m a ss  sp ectru m . The e ffects  of such f ° -  A ° in terferen ce have 
been d e s c r ib e d  in p ap ers  by B isw as [Ref. 43], and by B ernstein and Feinberg 
[Ref. 44. ] . In the lite ra tu re , there are severa l upper lim its and m ea su re ­
m ents o f the branch ing ratio  ( A k K ) /  F"* ( f i T T r ) ; all of which, except 
fo r  the B isw as p ap er, n eg lect in terferen ce  e ffects . Fortunately the A^
KK branch ing  ra tio  can be determ ined  independently and without interference
“f* oby look ing at the A “ 2“^K~K decay m odes since the A^ has isospin  one. The 
channel f^ K K  has been seen  to exist with a branching ratio 
r  ( f^ K  K) /  P  (f°—> ■n'Tr) le s s  than about 10%.
6. 3. C ro s s  Section  f —> tt'*' v
In a re ce n t  paper [R ef. 14] the Birm ingham  - Durham - Rutherford 
C ollaboration  rep orted  the produ ction  of the f m eson  into the neutral tt tt 
system  usin g  data fro m  the f ir s t  exposure o f the experim ent in the reaction 
IT ^ d —> p p IT ^ -n- (1)s
where p^ denotes a sp ecta tor  proton .
81
F ro m  this data the c r o s s  section  fo r  f °  (—> ti ) production for
2
events below  0 .3  (G e V /c )  in four momentxun transfer squared to the
mr system  w as estim ated . This estim ate, m ade wi.th sim ilar fits to ti^ose
+ “f* —d escribed  in C hapter 4, was 0. 248 — 0, 030 m  b. The it it m ass
spectrxim fo r  events b e low  |t j of 0. 3 (G e V /c )  is d escribed  in 
Appendix 1.
6.4.  f 'TT IT IT TT .
The sam e exposu re  y ie ld ed  4341 fits to the reaction
+ j  + + -  -
IT d  —^  p p TT IT TT TT (2 )
after events in com p atib le  with ion isation  m easurem ents had been rem oved
and the fo llow in g  cuts had been m ade to the data
1. F it  P rob a b ility , P y  2 ^ 0 .  001
2
2 . M iss in g  M ass Squared, MM , in the range 
- 0 .  0 3 < M M  <  0. 008 (G e V /c  )
3. Spectator M om entum , P 0*3 G e V /c
A  p re lim in a ry  estim ate o f the total c ro s s  section  fo r  reaction  (2) 
was m ade assum in g a m uon contam ination of 6%. We found 
CJ" ( IT d —^  p p 2 i T  2 tt) = 0, 5 “  0. I m b
F ig . 6.1 show s the fou r pion m ass spectrum  for  reaction  (2) before 
any cuts in fou r m om entum  tra n sfer  squared to the four pion system , t, 
have been m ade . F ig . 6 .2 . shows the spectrum  fo r  events with 
|tj<C0. 3 (G eV / c) . By taking only p erip h era l events for  our analysis v/e

Events/20 MeV
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reduce the non .-resonant background in the f  m ass region . We have 
found it d ifficu lt  to d e s c r ib e  this spectrum  by a sim ple polynom ial shape 
and have con sequ en tly  m ade a fit  using a n on -re la tiv is tic  B reit-W igiier 
for the f °  togeth er with a polyn om ial background. Fitted values for the 
f °  of M =  1 .285 + 0. 012 G e V /c^  and r =  0. 089 + 0. 031 G eV /c^  are 
obtained. T h ese  com p a re  w ell with fitted values o f the f °  in the two pion 
spectrum  fr o m  this experim en t and P a rtic le  Data Book values [Ref, 3. ]
F ro m  the fou r  pion fit , 80 +15 events are estim ated above 
background co rresp on d in g  to a c ro s s  section  of 9 .2 . + 1 .8  gb and an
f branch ing ra tio  of 
r  ( f ° - +  i t  )
P (f°  ^ ir'^ T^r )
{3 . 7 -  0. 9) X 10“ ^
W e note  that the resu lts  o f the fit  are insensitive to the form  of 
the B re it -W ig n e r  u sed .
We have com p ared  the d ifferen tia l c ro s s  sections of the f seen 
in rea ction s  (l) and (2) and a lso  v e r ifie d  that the four pion resonance is 
com patib le  with spin 2. D efining the f °  enhancem ent region  to be 
1. 2 <  M . < 1 .  34 G eV /c47T
I 1 2for |t| <  0. 3 (G e V /c )  \ we con s id er  the 115 events {of which about 60
are background) within this reg ion .
The d iffe ren tia l c r o s s  section  in the f °  region  has been fitted to a 
curve o f the fo rm  A  in the in terva l 0. 06 jt [  ^  0 .35  (G eV /c)^
giving b = 8 .2 8  ~  0.14 (G eV / c)  ^ fo r  reaction  (1) and b = 9. 0 — 1. 3 (G eV /c) ^
 ^ 83 ~
for reaction (2), The exponents are in good agreement.
F o r  com parison  we have studied the higher m ass region.
1.34 <C 1.5 GeV/c^
This is  s ig n ifican tly  less  p erip h era l with the fit in the interval 
0.18 [tj 0. 42 (GeV/c)  ^giving b = 4. 3 ~ 1,1 (GeV/c).“^Unfortunately ^  
the m ass reg ion  below the enhancement contains too few events with 
which to m ake a com parison.
In F ig .  6 .3 . is  shown the d istribution in cos defined as the
-f- -j-
cosine of the angle between the incom ing tt and the outgoing tt tt * system
-I- 4-
calculated in  the four pion re st fram e. The it tt direction is taken as
an approxim ate analyser of the angular momentiun states of the f° region.
As we have a four object state it is  not c lear what sort of analyser should
be used to determ ine the angular momentum composition. However, the
tt^ tt^  system  contains no known definite spin behaviour. Therefore, by
taking the it it d irection  as analyser we are essentially m easuring the
4“ 4" — “
re lative  angular m om entum  between the it it and tt it system s which, 
if of h igher spin, is  an indication  that the total four pion state is  of high 
spin a lso .
Expanding the d istribution  in cos 0  in the form4_4-
= (  < y :>  v : ( s .v.)
L.
we observe that the only significant m om ents  ^ V
L
a are those
with L  4. The n o rm alised  sph erica l harm onic moments for this 
distribution are
------------ P re d ic t io n  o f A s c o li m ode l
w ith  1 fo r
F ig . 6.3
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" y  =  0 .  0 9 8  -  0 .  0 3 2 ,  < C y ^ >  =  0 .  0 7 7  ^ 0 . 0 2 8o o
im plying the e x is te n ce  o£ an o b je ct  with L ^  2.
A lm o s t  id en tica l sp h er ica l harm on ic m om ents are obtained in the 
higher m a ss  re g io n
21. 34 M /
4 tt  ^
1.5 G e V /c
+ +This cou ld  be ow ing to s e v e ra l th ings. It is  p ossib le  that the ir ir 
d irection  is  a p o o r  an a lyser o f the fou r pion system  and the m ethod is 
in sen sitive  to changes in angular m om entum  behaviour. A lternatively it 
is  p o s s ib le  that the backgro^m d is  com p osed  in a sim ilar way to the 
enhancem ent, or  that m o re  spin 2 enters the background as we in crease  
in fou r  p ion  m a s s . It is  som ew hat d ifficu lt to distinguish between these 
p o s s ib le  e f fe c t s .
In F ig s  6. 4 a, b and c we show the m ass d istributions in (a) the
-f- •* -f- "f"
h ighest -FT TT com bin ation , (b) the i t  i t  plus i t  i t  com binations, and (c) 
the th ree  p ion  com b in a tion s . Superim posed  on each graph are the 
p red iction s  o f the s im p le  f ° —^ ^ m o d e l  proposed  by A sco li et al and 
the m o d e l by  B anyai and R itten berg  [R ef, 45] based  on ch ira l dynam ics. 
Our data w ould  appear to be con sisten t with the m odel rather than
the m od e l o f Banyai and R itten berg .
T o  su m m a rise  th e re fo re , we find in reaction  (2) evidence fo r  the 
four ch arged  p ion  d ecay  m od e  o f the f °  m eson  v/ith a branching ratio
r<f° -> .rhh~„-)
r - ( f ' '  + “ n7T IT )
=  ( 3 . 7  i o , 9 )  X  1 0 " ^
Ascoli model
Banycii and 
Rittenberg
No. Events / 20 MeV
Fin. 6.A(q )
No. Events /20 MeV
Ascoli model
Banya i and 
Rittenberg
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6. 5. f°-^  k ’‘‘k "
T o m e a su re  the K K rate o f the f  m eson  we have isolated  the
reaction
TT d -----)■ p p K"*" K (3)
To d eterm in e  the c r o s s  section  fo r  this reaction  we have used the unfitted 
en ergy -m om en tu m  technique o f E hrlich  et al [Ref. 46], F or  each four 
prong in the ex p erim en t a figu re  of m erit, ^ , was defined
\-2
1 . r / h  Pkv +  ) +! -
A
 ^ U P x J  ■ I fv
w here F x .P y , f  z a re  the fu ll-w id th -a t-h a lf m axim um  of the peaks in the
\/
d istribu tion s of the m iss in g  m om entum  com ponents. A plot of ^ is 
shown in F ig . 6 .5 ,  The la rg e  peak at low  ^  is  owing to events with no 
m iss in g  m om entum  i. e . p robab le  4 - c  events.
We u se  this technique to con sid er events o f the gen eric type
(4)
Taking a ll fou r pron g  events and using unfitted quantities, the value of
TT *^d->p^p X'*' X ‘
the beam  m om entum  is  adjusted to con serv e  m om entum  exactly  and
2energy con servation  is  applied  to ca lcu late M where M is  the m ass of
X  X
p a rtic le  X . This d istribu tion , shown in F ig . 6. 6. fo r  events with
^  0. 5, c le a r ly  in d ica tes the p resen ce  o f a peak at M jr S-S w ell as a
2la rger peak at M .TT
The c r o s s  section  fo r  rea ction  (2) can be determ ined by estim ating 
the re la tive  num ber o f events in the K pea,k with resp ect to the number in
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the IT peak using an e y e -b a ll  fit to the M distribution. This relative
X
num ber was found to be in sen sitive  to the cut used. We then obtain 
0,155 ~ 0, 017 m b
F o r  our an a lysis  we have used 1050 fits to reaction  (3). A fit to 
reaction  (3) was con s id ered  acceptable fo r  our analysis if it satisfied  cuts 
identica l to those fo r  rea ction  (2) together with the fo llow in g :- 
(4) the fit  to rea ction  (3) had a confidence leve l at least ten tim es 
the con fid en ce  le v e l of the next m ost probable 4 -  constraint fit.
The 1050 events obtained in this way are about 80% of the cross  
section  obtained from  the E hrlich  technique. We have checked that these 
cuts do not bias the analysis of this channel.
F ig . 6 .7 . shows the K K m a ss  spectrum  fo r  reaction  (3).
A c le a r  sign a l m ay be seen in the f*^- A°^ region which is em phasised
2in F ig . 6. 8. by taking only events with t <. 0. 3 (G eV /c ) . The peak 
co rre sp o n d s  to a 5 standard deviation e ffect. Superim posed upon F ig . 
6 .8 . is  a fit  to the k "^K m a ss  spectrum  assum ing one resonance with a 
spin 2 re la t iv is itc  B re it-W ig n er  shape together with a polynom ial 
background. F itted  va lues fo r  this peak are M = 1. 311 “  0. 010 G eV /c^
-   ^ I 2 ^
and I = 0.102 — 0. 030 G e V /c  , giving 82 ~ 15 events above background.
Taking a n o n -r e la t iv is t ic  B re it-W ign er gives a la rger width (0.160 
2
G e V /c  ) and a v /orse  fit .
If we can assum e that this peak is  all f  then we obtain a branching
ratio
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r ( f % K  K ) 
r ( f ° ^  T7 Tt)
4
3
r ( s % n \ -)
+No other reson a n ce  production  is observed  within the K K spectri.im.
The K K d ifferen tia l c ro s s  section  and decay angular distribution 
m ay be investigated  within the f °  -  A °  region .
1. 2 < <  1.34 G eV /c^
This reg ion  contains 147 events o f which about 100 are background. The
d iffe ren tia l c r o s s  section  in this region  has been fitted to a curve of the
fo rm  A e fo r  the in terva l 0. 06 |^ | ‘x 0 .35 (G eV /c ) giving a value
+ -2b = 8. 3 “  1. 0 (G e V /c )  consistent with the shape of the d ifferential 
c r o s s  section  fo r  the two and four pion decay m odes of the f ° .
It is  in terestin g , how ever, to observe  that the peripherality
of the data d e cre a se s  a c ro s s  the K"*^ K m ass spectrum . Apart from  a
red u ction  o f events at low  jt j "with increasing  m ass (as one w'ould expect
sin ce  t in c re a se s  with in crea sin g  m ass) the slope of the d ifferentialm in
c r o s s  section  d e cre a se s  a lso . We o b s e r v e :-  
b = 11 .4  + 1 .9  (G e V /c )"^  fo r  1 .05 <  1.2 G eV /c^
b = 8 .3  + 1. 0 (G e V /c )"^  fo r  1 .2  <  M ^ + 1. 34 G e V /c ^
xy lx
b = 6. 6 + 1. 6 (G e V /c ) “  ^ fo r  1. 34 <  ^ _ < 1 .  5 G eV /c^
lx lx
which im p lies  that the background in the enhancement region  has a slope 
v e ry  s im ila r  to that of the e ffect itse lf,
+ -The t-channel sp h erica l harm onic m om ents fo r  the K K decay
defined by /
w  ( 0, 0 ) = ( 0. 0 )
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to the f m eson  in the total K K m ass spectrum . Noting that the term s
in (c) co rre sp o n d  to I ~ O and 1 production of a neutral KK system , we
+ -can w rite  the in tensity  fo r  K K using C lebsch -G ordon  coefficien ts as
K) (  \ C  K.')  ^ ( c ,  C;>-vol, da.) c-os
4cl. A
w here c^ and d  ^ a re  the rea l a,nd im aginary parts of the expressions
f—\ -I- ^  ^
1 i b. and we have the coh eren ce  fa ctor a, where 0<;>a^^l, The 1
K ° K ° sp ectru m  is  obtained by changing p into 0  4- tt. By inserting various
values o f ^ , a and r^ into (d) it is  p oss ib le  to observe the variation of the
“f" “m a ss  at w hich  the K K distribution  peaks. A high m ass peak at 1.310
2  / 2
G eV / c is  p o s s ib le  with the p aram eters (p- -tr, a = 1 and r = 10%,
although we m ust wait until K °  kP data becom es available before  theses s
p a ra m e te rs  can be con firm ed .
H ow ever, it is  a lso  p oss ib le  to determ ine the A  ^ contribution 
to rea ction  (3) by estim ating the amount o f A _° produced in the reaction
+
V d _ ^ p ^  P  tr IT TV ( 6)
and by independently m easu rin g  the A "^  ^K K branching ratio in the 
charged  d eca y  m ode ( A “  K~ K ), [R ef. 3. ] We estim ate by this method
L4
that on ly  about 7 events in the K K m a ss  spectrum  fo r  |t!^ 0 ,3  
2 o(G e V /c )  can com e  fro m  A production , im plying, if we m ay assum eCd
no f °  -  '^°2 overw helm ing f °  production in the observed
peak and a branching ratio  fo r  the f^ v ery  s im ilar to that fo r  the whole 
f °  - e ffe ct . H ow ever, as the peak centres at a higher K^K m ass,
it w ould appear that som e in terferen ce  is  present, and a study of this awaits
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investigation when data fro m  reaction  (5) becom es available.
T h is d eterm in ation  of the branching ratio is seen to be not 
incom patib le  with the S .U .(3 )  p red iction  of about 5%. The experim ental 
value would have to be low ered  once in terferen ce  is  considered if the 
B isw as resu lt  o f near m axim um  in terferen ce  is repeated here.
The other m a ss  d istributions from  reation (3) are a lso of
JL
in terest. The p K ‘ m a ss  sj^ectrum is shovna in F ig , 6 ,9  (a). Since this 
is  an " e x o t ic "  channel ( I = 3 /2 , S = + 1) we do not expect to observe strong 
reson an ce  produ ction  and this appears to be the case .
The p K m a ss  spectrum  is  shown in F ig , 6 ,9 . (b) . Near threshold
we o b s e r v e  an enhancem ent of about 45 events above background with
2 2approxim ate  m a ss  and width 1520 M e V /c  and 20 M e V /c  , This corresponds 
to the A  (1520) (nom inal m a ss  1518 M e V /c  and width 16 M e V /c  observed  
in the exp erim en t o f G arfin ck el et al at 2, 7 G e V /c  [Ref. 47]. If we assum e 
that the c r o s s  section  fo r  the q u a si-tw o -b od y  reaction .
IT n-4A (1520) k " (7)
-2fa lls  as p ( the s o -c a lle d  M o rr is o n 's  R ule fo r  reactions involving
strange p a r tic le  exchange) w here p is  the incident laboratory  momentvim,
and that the A (1520) branch ing fra ction  to K N is  0 .45  [Ref. 3. ], the 45
events (o r  28 p b ) a gree  exactly  with the num ber predicted  at our energy.
The two low  m a ss  enhancem ents ob serv ed  (the f °  - peak and the A
(I520))are w ell separated  on a D alitz p lot and are  th erefore  uncorrelated .
+ -H ow ever, the background in the K K m a s s ’’spectrum  can be slightly 
reduced fo r  study o f the f °  -  e ffect by subtracting the /\(1520) events
from  the data.
E v e n t s /  20MeV
M . ^ + p ( G e V / c ^ )
(GeV/c")
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6. 6, Other P o s s ib le  f  D ecay M odes.
-O  .An in vestigation  has been m ade o f the decay of the f into one 1* c 
and se v e ra l m u lti-n eu tra l channels.
F ig . 6.10 show s the five  pion m ass spectrum  from  the reaction .
(8 )+  +  +  - -  0 IT d ~ - > p p T r  ■ n ' T r t r T Ts ^
fo r  events b e low  t = 0 .3  (G e V /c ) in four momentum transfer squared
to the fiv e  pion  sy stem . This system  w ill include any decay
f*^  —  ^ •n-"*' ir (9)
and a ll the events in F ig . 6.10 have at least one neutral three pion
com bination  con sisten t with the m ass o f an (i. e. ^ 0 . 6  G eV /c ) .
Any fit  am biguous with the 4 - c  fit o f reaction  (2) has been rem oved. We 
o b s e rv e  a c le a r  (960) signal but no f °  signal. This y ields an upper
(two standard deviation) lim it fo r  the branching ratio P ( f ° —> rj^  ) /  
P ( f ° - ^  ■TT^Tr ) of 2. 5% after co rre ct io n  fo r  other decay m odes.
The rea ction  n —^  p f °  can p ossib ly  be observed  in the m u lti­
neu tra l channels
TT d —> p p M M
“t" •*
TT d ----- ^  P  p  TT TT M MiTg
TT d —^  p pTT TTTrTr M M■^ S
(10)
(11)
(12)
w here the m iss in g  m a ss  (M M ) is consistent with being two (or m ore) i t  ' s . 
The f contribution  to reaction  (10) is pred ictable from  the tt it  signal 
ob serv ed  in reaction  (l) . F ig s . 6.11, 6,12, and 6.13 show the MM spectra 
fo r  rea ction  (10), and the (charged pion H- MM) effective  m ass spectra  for
P,<r Z v  rr
E v e n t s / 20 Me V
E ve n t s / 2 0 M e V
0.9 1.1 1.3 1.5
Fig. 6.12
1.7 ^ r r V ~ m m
E ven ts /2 0M eV
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■ rea ction s  (11) and (12) resp ectiv e ly . Only events with jt j\ 0 .3  (G eV /c) 
in fou r m om entum  tra n sfer  squared to the p ion ic system  are presented 
in these sp ectra .
F ig . 6.11 contains events from  the Birm ingham  share of the data 
on ly . The num ber o f events peaking at approxim ately the f °  m ass is 
con s isten t with the num ber requ ired  by isospin  conservation  fo r  the 
I = 0 f °  m e so n . It is  o f additional in terest that no la rge  excess  of events 
is  o b se rv e d  in the rho reg ion . This im plies that any strongly resonant 
S wave in this reg ion  is  unlikely. H ow ever, any interpretation of a 
m iss in g  m a ss  spectrum  should be m ade with ca re . The one and two prongs 
w hich co m p r is e  rea ction  (10) are subject to severe scanning biases and 
the shape o f this spectrum  awaits confirm ation when Rutherford 
L a b o ra to ry  data b ecom es  available.
The num ber o f events in reaction  (12) also show no rea l f °  signal 
and an upper lim it  has again been determ ined fo r  the branching ratio
r ( f° " "^ 2  IT ^2 V 27t° ) /  P ( f °—> it "^ tt ) o f 1/4% . F ig . 6.13 contains fits which 
a re  not am biguous with either a 4 -c  fit or a 1-c fit with a kinem atic 
p rob ab ility  la rg e r  than 1%. This channel, which correspon ds to decays 
o f the type etc . is  seen to have a very  low cro s s  section .
The only  m a ss  spectrum  among the m ulti-neutral channels which
O + “show s a p o ss ib le  enhancem ent in the f  region  is the ir tt MM distribution 
of F ig . 6 .12. Again a m u lti-n eu tra l fit wa.s considered  fo r  plotting only 
if there was no am biguous 4 - c  fit and no ambiguous 1 -c fit with 
k inem atic p robab ility  la rg er  than 1%. If the f °  decays to four pions
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com p lete ly  v ia  rho~rlio then we should expect 160 “  30 events to be 
ob serv ed  in this enhancem ent. C learly  this is  quite p ossib le  with a suit­
able ch o ice  o f backgrou nd. H ow ever, the enhancement of F ig . 6.12. 
is  a lm ost tw ice  as w ide as one would expect fo r  f °  decay and overlaps into
the re g io n . contribution to this spectrxam is p ossib le  if there is
j  , o  . + - _ o _a d ecay  A ^  ^ 3 -rr . Consequently this enhancement cannot rea lly
be used  as p r o o f  o f the A sco li f °—> ^  m odel.
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APPEN DIX 1
F o rm  F a c to r  F it  to the ir it Spectrixm
T o try  to understand the m ain features of the tt tt spectrum , fits 
w ere  m ade to the tt tt m a ss  spectrum  and t d istributions. Among the 
m ethods used , an attem pt was m ade to fit the tt tt m ass and t distributions 
sim u ltan eou sly , using the C hew -L ow  form ula  [Kef 21. ] to relate the 
exp erim en ta l m a ss  and t d istributions to the i t  tt scattei’ing cro ss  section . 
T o con v ert this c r o s s  section  from  its on -sh e ll (assum ed B reit-W igner) 
fo r m  to its  o f f -s h e l l  shape, B en eck e-D u rr [R e f.48] form  fa ctors  w ere 
em ployed  usin g  the p aram eters  found by W olf [Ref. 49] in tt p and -rr ‘ p 
ex p er im en ts .
The TT TT m a ss  and t d istributions are related  to the o ff-sh e ll
tr IT c r o s s  section , C$ ( m , t), v ia  the C hew -Low  fo rm u la :-
d^ O
d t d m ^ 3 2 f  n n ,4 ir p s , 2,2
(t -P )
(t)
w h ere  p is  the cen tre  o f m a ss  m om entum  in the initial state,  ^ is
the sca tter in g  am plitude at the NNrr vertex , G ( t) is  a correction  to the 
pion p rop a ga tor  and is  the m om entum  of the exchanged pion in the htt 
r e s t  fr a m e . B en eck e -D u rr  fo rm  fa cto rs , to be em ployed in this fit, are 
su ffic ien tly  adequate that the fa ctor  G(t), which slightly reduces the 
d iffe ren tia l c r o s s  section  at high j t j  m ay be neglected .
P rev iou s  m od e ls  which attem pted to d escr ib e  these distributions 
have been  u n su ccessfu liln  the P ole  A pproxim ation , the o ff-sh e ll cro ss  
section , c5 (m , t), is  m ade equal to its on -sh e ll value, c5(m ), and in the Born
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A pproxim ation  fo r  the decay of a state of spin L we obtain the re la tion :-
2 LC5 (m ,t )  = t (m)
w here q is  the m om entum  of the final state pions in the irTr rest fram e. 
H ow ever, neither o f these m odels leads to an adequate descrip tion  of the 
d iffe ren tia l c r o s s  section , the data being m uch m ore  peripheral.
B en eck e and D urr assum ed that the e lastic scattering of particles 
'a ' and 'b ' v ia
a + b —> s! + b^
can be d e s c r ib e d  by the exchange o f a sca lar p article  'x ' with m ass 
m ^ . Then, in going o f f -s h e ll  with one o f the p artic les , say p a r tic le 'a ', 
the re la tion  betw een the o f f -s h e ll  and the on -sh e ll scattering amplitude 
as a function  of the o f f -s h e l l  m a ss  o f 'a ’ is obtained. As a resu lt, the 
fa c to r
U / in the B orn  A pproxim ation  is rep laced  by the functions
U
w h ere  1 /m  has been put equal to R and U (r) is  defined b y :-
X
U ^ ( r )  =
2r
Q, 1 + 1
2 r
w h ere the Qj^(z) a re  L egen dre  Functions of the Second Kind. The functions
U (r )  have the fo llow in g  general p ro p e r t ie s :-  
Xj
U (r )  r Xj
( r ) '
fo r  r 1
— In (4 r^) fo r  r ^  1
H ence, fo r  sm all values of !t { the o ff -s h e ll c ro s s  section s have the
behaviour given by the B orn A pproxim ation . F or  la rger jtj values they
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behave lik e 1 /t in conti-ast to the Born A pproxim ation.
F o r  each  p artia l wave L we requ ire  a separate param eter R to
d e s c r ib e  the d iffe ren tia l c ro s s  section  behaviour. The factor 
, 2
^N N tt I after D urr-P ilkuhn [Ref. 5 0 ]b y :-
(t) j  ^ = ( - t )   ^ N ^NN it ' M ' ------------------ 2 2■nr g
2 +w here g , the NNtt coupling constant, equals 29 .2  fo r  -n~ and R^  ^ is
another p a ra m eter , with
Q 2 , 2|JL (4 M
4 M
N  ^  ^ 2-------------  and t = -t  (4 M -  t)
N 4 M N
with the nucleon  m a s s .  A  lis t  o f the W olf constants is given in 
T ab le  A l. 1.
About 10, 000 events of the total data w ere used for  the fit between
2 20. 5 and 1. 5 G e V /c  in  t t it  m a ss , and fo r  t le ss  than 0. 3 (G eV / c) , We
co n s id e re d  the data to be com posed  o f three reson an ces with different 
J^; nam ely , the rho (1 ), the f (2"^) and an I = 0 S wave. No I = 2 S or D 
wave was included . We then obta in :-
c5 (m , t) (m)
Lw here fo r  the O (m ) we use the re la tiv istic  B reit-W ign er shape
v2<5^(m ) = 4 TT C ^^(2L + 1) ( m j  L)
, 2  2 . ,  p(m j^~m ) + (m^l
Table A l .  1
W olf (R e f 49) P aram eters  for 
B en eck e-D u rr F it
V ertex R (GeV~^)
R ■mr 2.31  - 0, 19
R. fTTTr 3.23  - 1.46
R oo ( iT T r )^ 0 . 01
Rn NNtt 2. 86 - 0. 08
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w here P ,  = P L  / a _ \  + 1 m .
^  V “ l
and q ( m  ) is  the value o f q (m ) at the resonance centre, and C
i-4 L  Li
the re levan t C leb sch -G ord on  coe ffic ien t for  each partia l wave. A good 
fit  was obtained using the P a rtic le  Data Group [Ref. 3. ] values o f :-
n ij = 0. 765
= 1. 269
r 0,125
p  2 = 0.154 GeV/ c
The S and P w aves w ere assum ed elastic throughout the whole 
sp ectru m  w hile the D wave was assum ed to have the elasticity  found by 
Ch [R ef. 51] in h is phase shift analysis of the t t it  spectrum .
The p aram eters  o f the S wave w ere allowed to vary during the fit
and w e re  found to best fit  the data with m ass and width 790 and 510 
2
M e V /c  r e s p e c t iv e ly . The broad  shape of the S wave was found to be not 
too dependent on the P  and D wave param eters. The resulting fit is 
shown in F ig s . A l. 1 (a) and (b). The d ifferential c ro s s  section  at low  j t j 
was red u ced  in a ccord a n ce  with the Pauli P rincip le  and a scanning bias, 
d is cu s se d  in Chapter 3.
This resu lt, s im ila r  to that found by B artsch  et at [Ref. 52] can be
cattributed to the S \yave C m eson  or to a general background effect. 
B a rtsch  p r e fe r r e d  the fo rm e r  conclusion . As the assum ptions involved 
in this fit are  som ew hat crude, and om it severa l known effects (e .g .
1 spin 2 w aves, S reson an ce  etc. ) , ciny sp ecific  interpretation is unwise. 
H ow ever, it is  u sefu l to underline the three dominant e ffects . Nam ely, 
spin 1 rho and spin 2 f  production, together with a large (presum ably S 
w ave) background e ffect.
E ve n ts /0.01 (GeV/c)-
0.3 It! (Ge^c)
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APPENDIX 2
Solution o f A m plitude A nalysis Equations
The system  o f equations d escrib ed  in Chapter 5 by equations 
2 (a) to (f) m ay be re -w r itten  g en era lly :-
2 2  . Z. Z . 2,  2
A n ^  2 2 1 2 1 2
A^ -  (1 + r ) X 3 -  3 X j - 2 ^ 2
1 2 1 2 
2 X  ^ -  2 X  2
^ 2  % 3  cos X3
A_ = ( 1 + r  ) x_ X . cos X,5 ' ' 3 4  6
^ 6  "  ^2 ^4 ( ^5“ ^6^
(1)
(2)
(3)
(4)
(5)
( 6)
w here the A  ^ fo r  i = 1 to 6 are known constants (density m atrix  elem ents) 
and the x. fo r  i = 1 to 6 are p ara m eters . The system  of 6 equations is 
exactly  constrained. The fo llow ing  identities have been m a d e :-
= |M+
2^ =
|m _
1 M  
' 0
1 M  
1 s
 ^ 10
^6 "
D 10 
^ 00
and r = 0 if  the analysis is  p erform ed  in the t-channel and t m in
t-t m in
in the s-ch an n el.
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C om bining (2) and (3) we obtain
X = (1 + r ) X ,  -  A_ -  A ,
C om bining (2) , (3) and (4) we obtain
cos  X,
[(1 +  r ^ )  x ^2 ~ ^2  "  ^ 3 ^^ ^3
(V
(8)
C om bin ing (1) and (2) we obtain 
2
X —  2  [ A j + 2 3 (1 + ^ 3  ]
( 1 +r )
C om bining (1), (2) and (5) we obtain
(9)
cos  X,
5 ■
(1 + [A^+ 2A^ -  3 (1 + r^) x^^J^x^
The cosin e  term  in equation ( 6) is  expanded
^6
(;io)
cos  (Xg -  X^) = cos X  ^ cos + J  ^ ~ ^ 5  y  1 -c o s  X  ^ (1 1 )
w here the square root sign re fe rs  to the positive root of the sine of the 
angle. The + depends on the sign o f sin x^ and sin x^. As this system  
cannot determ ine the signs of all the angles we take sin x^ p ositive .
Substituting into equation ( 6) we obtain a polynom ial in the variable 
x^ and the constants A. (the density m atrix  elem ents). By writing equation
( 6) as
A^ -  R ight Hand Side = 0
it is  p oss ib le  to find the values of x^ such that the function 
F = A^ -  Right Hand Side = 0
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The p olyn om ial contains, in general, two solutions fo r  which is  rea l
and p o s it iv e . The genera l structure of the function F is  shown in
F ig . A Z .l  (a) . By m aking a com puter search along these roots m ay be
found; the tv/o roots  are ca lled  Solution 1 and Solution 2, the root with the
sligh tly  la rg e r  value of x^ being Solution 1. The two solutions correspond
to the c la s s ic  up-dow n am biguity fo r  u  -  i t  phase shifts, d escribed
fig u ra tiv e ly  in F ig . A 2, 2, related  to the phase shift interchange 
/ TT
2
C
O cca s io n a lly  the data takes the function F above the x^ abcissa  as shown
in F ig . A 2 .1 (b ). In this case the m inim um  of F has to be taken as the
b e st  p o ss ib le  solution o f the sy stem ,o f equations. This did not happen
,2in  this an a lysis  fo r  jt| 0 .3  (G e V /c ) ,
O nce x^ has been found the other param eters m ay be determ ined 
u sin g  equations (7) to (10). A  s im ila r m ethod of solving these equations 
has been given by E stabrook s and M artin [Refs. 53, 54].
The e r r o r s  on the param eters x  ^ w ere determ ined from  the error  
m a tr ix  re la tion  (to f ir s t  o r d e r ) :-
or
M A
/  lA .
A A
A  X,
A
A.A,
POSSIBLE
UNPKYSICAL
SOLUTIONS (a)
POSSIBLE 
UNPKYSICAL 
SOLUTIONS
(b)
F ig . A 2«l. V ariation  of the Function F 
(a) with solutions
(b) no solutions
sol 1
sol 2
M .
0 IIlo
|0
po
e:L
G
(O
oo
>
sol 2
> 0 
small
-  0  
large
M .
M.
sol 1
F ig . A 2.2  Schem atic Diagram  of the UP-DOWN Am biguity 
with resp ect to Amplitude Analysis
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O nce each roo t of F  has been found, the m atrix  M m ay be ennumerated 
fro m  the p aram eters  x .. The relation  shows to f ir s t  ord er the change 
in each param eter x. which would resu lt from  a change in each constant 
A .. The roo t p osition  m ay be slightly shifted by going to a system  x /
and A ., Then we ob ta in :-
( s  -  x" ) = A -  a '
X = ( a  -  ( M~^) a '  + x '
1 . e .  o  X .
1 (j [ ( M 'V j  f
2 , cs A.
w here a  x. is  the varian ce  of each param eter x..
It is  assum ed in this m ethod that the data values A are uncorrelated
1
which is  not s tr ic t ly  true in this case  and which enlarges the e rro rs
obtained fo r  the param eters x  .i
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APPEN DIX 3
H elic ity  A m plitudes for^/0°  production  in the W illiam s m odel.
In this appendix we give a b r ie f descrip tion  o f the am plitudes used, 
in ca lcu latin g  the p red iction s of the W illiam s m odel production.
T h ese am plitudes have been p rev iou sly  given by W illiam s [Ref. 32] and 
by M organ [R ef, 30] fo r  production  of L  = 1 and L = 2 dipion states in the 
high en ergy  lim it.
At our energy we are not able to make all the high energy
I I
app rox im ation s. H ow ever, we do assum e that jt| is sm all com pared with 
t m ax|, [ jt m axj is  the m axim um  value of |tj ].
The on ly  n o n -ze ro  t-channel amplitude fo r  elem entary one pion 
exchange is  given by [Ref, 55],
J E L
(t -
(1)
H ere the upper index of the amplitude re fe rs  to the dipion h elicity  and the 
low er index to the h e lic ity  transform ation  at the nucleon vertex , '
A lso  we de fine
'lx
T  - [ [ t  -  ( m  +|i)^l [t -  (m -  1*)^ ]} ( 2 ).
with L the angular m om entum  of the dipion state (L  = 1 fo r  the y o )  and m 
the dipion m a ss .
In (l)  a p oss ib le  collim ation  factor been suppressed.
Upon cro ss in g  into the s-ch an nel, a rotation operation is n ecessary  
o f the fo rm
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H
h ’
I r
+ -f
L r I
i
+ “  _j'
n
I
CoS -c. Svn X. i
S to  ^ iC C- o Xo I
L
T
f  4  1
o
(3)
w h ere "^and x are the cross in g  angles at the m eson  andbarysn v ertices  
re sp e c t iv e ly  [Ref. 56] and (j~) is the rotation m atrix  fo r  a dipion
state o f  spin L-. The s-ch an n el am plitudes H are as d escribed  in
Chapter 5. The angles ^  and x are defined by
cos X = cos
sin X = sin
a s 1 / t m in
9s t m ax
(4)
(5)
sin
cos
/-
7^
- 2 m  /V s ( t m in  -  t) (t - tmax) 
O' r
(6)
r / ^ 2  2 . ^ . 2 2 . , 2 2 . ,[ ( s + m  -  m ^  ) t + ( s -  m - m  (m - p ) ]
In these form u lae , is the s-channel centre o f m ass scattering
angle (and is  related  to t by sin 9 s t . - tmin )
m ax
and O' = [ (s -  (m  + m ^)^ ) ( s -  ( m  - (9)
with m^^ equal to the nucleon m a ss .
One obtains the follow ing s-channel am plitudes from  the t-channel
am plitude T °  of equation (1) [to each amplitude the value o f n,++
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I / r
( n = [j. + X. -  X| ), the rxct h e lic ity  flip , has been added].
h:'- = ( t- r )
11' ^ Ct-r^ ) Lt J -H.,- -
H7' - - h;'.
O
H
I I
4--V ( C. ^
H
I c
+•*
H ::  = -  H
6 (t) F^ h7«
C5
I I
+ "V
0  (10a)
~ ' (iOb) 
^  (1 0 c)
1 (lOd) 
A O (lOe) 
A-= i (lOf)
2  2 2 4 with B(t) = (s + m  - ) ( ^  + t )  ~ 2 m (11)
The W illiam s m odel am plitudes are now easily  obtained from  
equations (1 0 ) by retaining in each amplitude only a t  -  dependence
sin^fBs \ all other t -  dependent fa cto rs  (i. e. further pow ers of sin
I 2 /
B (t) and ZT (t) ) are set equal to their values at the pion pole , t = p .
The sin /  Ss  ( "^  ( ~t) ) is the only part of the amplitude which
V 2  /
depends on both t and h e lic ity  and which is required by angular momentum 
con servation  about the beam  d irection . F urtherm ore, W illiam s considers 
the rem ainder o f each am plitude to be collim ated in a sim ilar way. This 
is  a m odel-dependen t resu lt which derives from  assum ing a sim ilar fo rm -
fa c to r  type behaviour in t fo r  the rem ainder of each amplitude (at least
I I ,
over  a sm all range at low  tj /•
F o r  the lim it  s — we obtain the three am plitudes we observe  
in the am plitude an a lysis .
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= J 2 m  p.2 n = 0 (1 2 a)+ -
(t -  p )
r IO  
+ -
1
/ 2 , (t - P )
n = 1 (1 2 b)
+ -
1
F n = 2 (1 2 c)
(t -
In fitting the data W illiam s allow s a com m on overa ll collim ation 
jfa c to r , (p (t). R ecom bining the jiJ.j =1 components into the contributions
1 1 - 1 T
M + H + H one obtains
Mo
u i o  n r  2  ,
'  ”  9<(t)
( t -  p )
\
(13a)
M+ - f m l j )  (t) (13b)
M = (t + p^) .[2 m  (f{t) (13c)
( t -  p^)
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